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Abstract

Natural frequencies of orthotropic magneto-electro-elastic graded composite plates are deter-
mined using a discrete layer model with two different approaches. In the first, the functions
describing the gradation of the materials properties through the thickness of the plate are incor-
porated into the governing equations. In the second approach, the plate is divided into a finite
number of homogeneous layers. The model is validated by comparing the natural frequencies of
a simply supported Al/ZrOs graded square plate with the exact solution. Excellent agreement is
obtained. Rectangular plates with different boundary conditions, aspect ratios, and made of dif-
ferent types of composite materials are also considered: Al/ZrOy and BaTiO3/CoFesOy4 plates for
which the volume fraction of the phases change as a function of the z coordinate, graphite/epoxy
plates with the orientation of the fibers changing through the thickness of the plate, and plates
having an exponential variation of the material properties. Applicability of the proposed model
is not limited to specific boundary conditions and gradation functions.
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1. Introduction

Composite materials consisting of piezoelectric and magnetostrictive phases exhibit a magneto-
electric effect which is not present in the individual constituents [1].These composites show signifi-
cant interactions between the elastic, electric, and magnetic fields due to the coupled nature of the
constitutive equations. These laminates have direct application in sensing and actuating devices,
such as damping and control of vibrations in structures. Several methods for determining the ef-
fective moduli of magneto-electro-elastic composite media have been published by Benveniste [1],
Huang and Kuo [2], Li and Dunn [3], Aboudi [4], and Tan and Tong [5]. Research on the behavior
of laminated plates composed by elastic, piezoelectric, and/or magnetostrictive layers is relatively
recent. The exact closed-form solution for three-dimensional simply supported magneto-electro-
elastic laminates was presented by Pan [6] based on the quasi-Stroh formalism and the propagator
matrix method. Later, Pan and Heyliger [7, 8] extended that solution to the corresponding free

vibration problem, and to the static cylindrical bending of magneto-electro-elastic laminates. An
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approximate solution based on a discrete layer model was also obtained by Pan and Heyliger [9]
and Heyliger et al. [10] for the cases of two and three-dimensional magneto-electro-elastic lami-
nates. More recently, Jiang and Ding [11] presented an analytical solution for the study of beams,
Lage et al. [12] developed a layerwise mixed finite element model for plates, and Latheswary et
al. [13] studied the dynamic response of moderately thick composite plates.

Functionally graded materials (FGM) are characterized by a gradual change in properties
within the specimen as a function of the position coordinates. These materials have been pre-
sented as an alternative to laminated composite materials that show a mismatch in properties at
material interfaces. This material discontinuity in laminated composite materials leads to large
interlaminar stresses and the possibility of initiation and propagation of cracks [14]. This prob-
lem is reduced in FGM because of the gradual change in mechanical properties as a function of
position through the composite laminate.

Studies of the static and dynamic behavior of composite plates made of FGM have seen a
small but useful number of investigations. Reddy [14] presented Navier’s solutions of rectangular
plates and finite element models based on the third-order shear deformation plate theory for the
analysis of through-thickness functionally graded plates, with the modulus of elasticity of the plate
varying according to a power-law distribution in terms of the volume fractions of the constituents.
Cheng and Batra [15] studied the deflection of functionally graded plates using the first and
higher-order shear deformation theories, and its relationship to that of an equivalent homogeneous
Kirchhoff plate. Cheng and Batra [16] also used Reddy’s third-order plate theory to study buckling
and steady state vibrations of a simply supported functionally gradient isotropic polygonal plate
resting on a Winkler-Pasternak elastic foundation and subjected to uniform in-plane hydrostatic
loads. They later obtained a closed form solution for the thermomechanical deformations of
an isotropic linear thermoelastic functionally graded elliptic plate [17]. Vel and Batra [18, 19]
obtained exact solutions for three-dimensional deformations of a simply supported functionally
graded rectangular plate subjected to mechanical and thermal loads, and for free and forced
vibrations of simply supported functionally graded rectangular plates. In both of these studies,
two-constituent metalceramic functionally graded rectangular plates were considered with a power
law through-the-thickness variation of the volume fractions of the constituents, with the effective
material properties at a point estimated by either the Mori-Tanaka or self-consistent schemes.
Ferreira et al. [20] used the meshless collocation method, the multiquadric radial basis functions
and a third-order shear deformation theory to analyze static deformations of functionally graded
square plates of diferent aspect ratios. Batra and Jin [21] studied the free vibrations of functionally
graded anisotropic graphite/epoxy plates, with the orientation of the fibers varying through the
thickness of the plate. The solution presented was based on the first order shear deformation

theory coupled with the finite element method. Qian et al. [22] analyzed the static deformations,



and free and forced vibrations of thick simply supported rectangular graded elastic Al/ZrO; plates
by using a higher-order shear and normal deformable plate theory and a meshless local Petrov-
Galerkin method. They compared the results to available exact solutions obtaining excellent
agreement. Pan [23] presented an exact solution for three-dimensional, anisotropic, linearly elastic,
and functionally graded rectangular composite laminates under simply supported edge conditions.
The solution was expressed in terms of the pseudo-Stroh formalism, and the composite laminate
made of multilayered functionally graded materials with their properties varying exponentially in
the thickness direction. Ramirez et al. [24] derived a discrete layer solution for the static analysis
of FGM plates with different boundary conditions, and applicable to materials having any type
of gradation function describing the through-thickness variation of the material properties.

Studies of vibration analysis involving magneto-electro-elastic composite media are limited.
Yang et al. [25] investigated the non-linear bending behavior of functionally graded plates that
are bonded with piezoelectric actuator layers and subjected to transverse loads and a temperature
gradient based on Reddy’s higher-order shear deformation plate theory. They assumed material
properties to be graded in the thickness direction according to a power-law distribution in terms
of the volume fractions of the constituents. Woo and Meguid [26] presented an analytical solution
for the coupled large deflection of plates and shallow shells made of functionally graded materials
under transverse mechanical loads and a temperature field, results indicated that thermomechan-
ical coupling effects play a major role in dictating the response of functionally graded shells. Liew
et al. [27] derived finite element formulations for static and dynamic analysis and the control of
functionally graded material (FGM) plates under environments subjected to a temperature gra-
dient, using linear piezoelectricity theory and first-order shear deformation theory. Buchanan [28]
published a comparison of the natural frequencies between layered and different multiphase mod-
els for magneto-electro-elastic BaTiO3/CoFesQy4 plates, the frequencies were determined using
finite element analysis. Chen et al. [29] derived two independent state equations to determine the
natural frequencies of piezoelectric functionally graded rectangular plates, with all the properties
varying through the thickness of the laminate according to a law of mixtures. The free vibra-
tion problem of simply supported plates was solved by dividing the plate into thin layers having
constant properties. Chen et al. [30] extended this work to the solution of the free vibration
problem of simply supported non-homogeneous magneto-electro-elastic plates. Once again a law
of mixtures was employed for the functionally graded model of all the properties, except for the
magnetoelectric coefficients that were obtained by fitting a curve to the results presented by Li
and Dunn [3].

In this paper, a general discrete layer model is developed for the free vibration analysis of
elastic, piezoelectric, magnetostrictive, and magneto-electro-elastic composite graded plates. The

gradation functions describing the through-thickness variation of material properties are incorpo-



rated into the governing equations of equilibrium for each discrete layer, which are then solved
by using continuous functions to approximate the three displacement components, the electric
potential, and the magnetic potential within each layer. The present approach is validated by
calculating the natural frequencies of simply supported square Al/ZrOq graded plates with known
exact solutions [18, 22]. Natural frequencies of composites graded plates having different bound-
ary conditions, aspect ratios, and gradation types are obtained using the proposed model. The
numerical examples presented here are solved using two different approaches. First, the gradation
functions are incorporated into the governing equations and analytically or numerically integrated
before assembling the stiffness and mass matrices and before solving the eigenvalue problem. In
the second approach, the plates are discretized into a finite number of homogenous layers. The
types of gradation models considered here are: 1) Al/ZrOs graded plates with the volume fraction
of the constituents varying as functions of the thickness coordinate, and with effective material
properties at any height z within the plate determined by using the Mori-Tanaka scheme [19, 22],
2) rectangular plates exhibiting an exponential variation of the elastic stiffness components as a
function of the out-of-plane coordinate [23], 3) graphite/epoxy fiber-reinforced plates in which
the fiber orientation varies across the laminate thickness, and with effective moduli determined
by tensor transformations [21], and 4) BaTiO3/CoFesQOy4 fibrous composite plates, consisting of a
magnetostrictive matrix with a dispersed fibrous piezoelectric phase, with the volume fraction of
the constituents varying through the thickness of the plate, and with effective material proper-
ties obtained using the Mori-Tanaka mean field approach coupled with the magnetoelectroelastic

Eshelby tensor [3].

2. Theory
2.1. Problem Description

Free vibration behavior of elastic, piezoelectric, magnetostrictive, and magneto-electro-elastic
plates having specific variations of material properties through the thickness is studied to deter-
mine their natural frequencies. The geometry of the rectangular plates is described by attaching a
Cartesian coordinate system to the lower left corner of the laminate. The length of the plate L, is
in the direction of the x coordinate axis, while the directions of the width L, and total thickness
H are coincident with the directions of the y and z coordinate axes respectively. Analyses are
performed by discretizing the plates into a finite number of layers N, each layer with individual
thickness h;, h1 being the bottom layer, and hy the top layer.

Behavior of plates having different through-thickness variation of the material properties are
considered: 1) composites made of two isotropic elastic materials in which the volume fraction of
the constituents varies through the thickness of the plate, 2) elastic orthotropic plates exhibiting
exponential variation of material properties as a function of the z coordinate, 3) elastic fiber-

reinforced plates in which the orientation of the fibers continuously changes through the thickness



of the plate, and 4) magneto-electro-elastic composite plates formed by combining piezoelectric
and magnetostrictive materials having a smooth variation of the constituent volume fractions with

the thickness coordinate of the laminate.

2.2. Governing Equations

Considering the coupled behavior among elastic, electric, and magnetic fields exhibited by
magneto-electro-elastic laminates, and including the through-thickness variation of the material
properties, the constitutive equations for the anisotropic and linearly elastic layers in the laminate

are given by [31]:

0i = Cir(2)Sk — exi(2) Ex — qri(2) Hy, (1)
D; = €;1(2)Sk + €ir(2)Ei + dir(2) Hy, (2)
B; = qix(2)Sk + dix(2) Ex, + pir(2)Hy, (3)

where o;, D;, and B; denote the components of stress, electric displacement, and magnetic flux.
The symbols C;;(2), €;(z), and p;;(z) are the components of elastic stiffness, and the dielectric
and magnetic permittivity as functions of the z coordinate; v, Er, and Hy denote the components
of linear strain, electric field, and magnetic field; and e;;(2), ¢;j(2), and d;;(2) are the piezoelectric,
piezomagnetic, and magnetoelectric coefficients which vary through the thickness of the plate. The
standard engineering contraction indices has been used here for the elastic variables (i.e. y4="223,
etc.). The components of the rotated material property tensors for an orthotropic material are

given in matrix form as

I 011(2) 012(2) 013(2) 0 0 016(2) 0 0 631(2) 0 0 Q31(Z)
Clg(z) 022(2) 023(2:) 0 0 C26(Z) 0 0 632(2) 0 0 q32(z)
Cia(2) Cas(z) Cs3(2) 0 0 Cs(z) | 0 0 es3(2) 0 0 q33(2)

0 0 0 044(2) 045(2) 0 614(2) 624(2) 0 q14(z) q24(2') 0

0 0 0 045(2) C55(Z) 0 615(2) 625(2’) 0 q15(2’) (JQ5(Z) 0
Clg(z) 026(2) CSG(Z) 0 0 CGG(Z) 0 0 0 0 0 0

0 0 0 614(2) 615(2’) 0 611(2) 612(2) 0 dll(Z) dlg(z) 0

0 0 0 624(2) 625(2’) 0 612(2) 622(2’) 0 dlg(Z) dQQ(Z) 0
631(2) 632(2) 633(2) 0 0 0 0 0 633(2) 0 0 dgg(Z)

0 0 0 q14(2)  q15(2) 0 di1(z) di2(2) 0 | pi(2) pa2(2) 0

0 0 0 q24(2)  q25(2) 0 di2(z) daa(z) 0 | p12(2)  p2a(2) 0

L @31(2)  g32(2)  g33(2) 0 0 0 0 0 dss(z)| O 0 pas(2) |

The specific values for the different material properties are given in Table 1.
The components of strain, electric field, and magnetic field are related to the displacement

field u;, and the electric and magnetic potentials ¢ and v by the relations

1 /0u; Ou;
i =5 (83:]- * aé) )
Ei=—-¢; (6)
H; =~ (7)

where the subscript ; denotes partial differentiation with respect to z;.
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The equations of motion and the Gauss’s laws for electrostatics and magnetism, and assuming

absence of body force, free charge density, and free current density are given as

Tijj = P(2)Ui (8)
D“- =0 (9)
Bi; =0 (10)

where t and p(z) are time and material mass density respectively.
2.3. Variational Formulation

Following the standard variational method of approximation (see Reddy [32]), we multiply
each of the three governing equations by the first variation of the displacements, electric and
magnetic potential respectively, we then integrate the result over the volume of the domain and

set the result equal to zero, resulting in

A&ui(dij’j - p(Z)’U,Z’tt)dV =0 (].1)
[ soDinav =o (12)

|4
[ sumiay =o (13)

\%

Integrating this equations by parts and applying the divergence theorem yields the final weak
form of the governing equations and they represent the principle of virtual work in the absence

of body forces.

0 :/ (Uijé’yij + §u¢p(z)ui7tt) dV — j{ aijnjéuidS (14)
14 S
0 :/ Djé(é,jdV—?{Djnjdqde (15)
1% S
1% S

Substituting the constitutive equations into the final weak form yields the following expressions
that include the transition functions describing the through-thickness variation of the components

of the material property tensors:

o_/v{:cn<z>gz+clz<z>g;+clg<z)gl:wm(z) 85%2%
Ca(2)32 + Cale) 30+ Canl2) 52+ Cante) (44 00 )+

o 0 ou 0
013(2)8% + 023(2)52 + Cs3(2) 5 + Ca(2) <u + z) +



0 oY | 06
633(Z)£+q,33(2)6/f:| 8;1) (17)
_C44(Z) (gz - ZZ) + Cus(2) (g: + ?;:) + 614(2')% + 624(2)%+
0 o (96 96
_C45(z) (gz + g?j) + Cs5(2) (g: + g:) + 615(2)% + e25(2 )%j+
0 o (96 06
QIB(Z)afqﬁ-i-ng,(z)a—;b ( u w)
{CW@Z +Cuala) 5+ Caale) G+ Cial2) (a“ ﬂ <86u o0 )
2
+p(2) <gt25u + %51} + gt 5w> } dv —
j{ (tz0u + ty0v +t,02) dS
s
0= /v { [614(2) (gz + ?;) + e15(2) (gz + g:j) - 611(2)% - 612(,2)(;—25—
1)
di1(z )% —dy2(z )?ﬂ 88;25 + {624(2) (gz + ?;;) + ea5(2) (gu + g:) _ (18)
612(Z)% - 622(2)%2) - d12(2)gj — doo(z )aq:ﬂ %6;5—#
[63“2)23 +en()G] + emla) e - cnl2) gl — dul2) gﬂ 8;“’} @~ § Dynssods
0= /V { [Q14(Z) (812) + 81;/)) + q15(2) (8: + 8?:) di1(z )af _dlz(z)ai(s_
9 oy 06 o 0 ou B
Mu(z)% - u12(z)aﬂ Tj + {qzzx(z) <82 + BZ) + q25(2) (; + 67;]) _ (19)
du(z)% - d22(z)%§ - ﬂ12(2)%/; - /~L22(Z)ZZ}] 685;/}4_

0 0 0 0 oY 96
[%1(2)85 + %2(2)6*; =+ Q33(Z)ai: - d33(2)£ - H33(Z) (;ﬁ] 8;/} } av — ]{ BjnijwdS

where u, v, and w represent the displacement components in the z, y, and z directions respectively,
and t,, t,, and t, the traction components. Note that equation (17) results in three independent

equations of equilibrium when the coefficients of the variations of the displacements are collected.

2.4. Discrete-Layer Approximation and Solution

The displacements u;, the electric potential ¢, and the magnetic potential 1) are approximated
by a finite linear combination of functions that must satisfy the boundary conditions and be
continuous as required by the variational principle. Approximations to the three displacements
and two potentials are developed in terms of the global (x,y,z) coordinates. These approximations
are constructed in such a way as to separate the dependence in the plane of the plate with that in
the direction perpendicular to the interface. Hence approximations for the five principal unknowns

are sought in the form



u(w,y,2) = > UyTi(w,y)eh(z)
i=1 j=1

m

wez) = YD VTl e e) (20)

m n

w(x,y,z) = Z Z Wi; T (z, )95 (2)

i=1j=1

$lr,y,2) = D3 0yl (,y)el(2)
i=1 j=1

m n

Dy, z) = DS T (@ y)el(2)

i=1 j=1

where, the elements U;;, Vij, W;;,¥;;, and ®;; are the approximation coefficients associated with
the ji layer of the discretized laminate corresponding to the i** term of the in-plane approximation
function for the displacement and potential variables respectively. In the thickness direction, one-
dimensional Lagrangian interpolation polynomials are used for ¢;(z) for each variable, while for
the in-plane functions I';(z,y), different types of approximations can be used being power and
Fourier series the most commonly selected.

Substitution of these approximation functions into equation (17), (18) and (19), collecting the
coefficients of the variations of the displacements and potentials, integrating with respect to the

thickness coordinate z, and placing the results in matrix form yields the result

[pee] [0 [0] [0} 0] {u}
) [pM] (o] [0] [0] {o}
[0] [o]  [M™*] [o0] [0] {w} o+ (21)

[0] [0] [ [0} [0] {0}

[0] [0] [ [0] [0] {0}
(K] (K] (K] [Kee] (K {u} {5}
(v (K] (K] KOl K {v} {5}
+ [ wu] [ um] [ ww] Kw¢7 wa {w} — {fw}
Kol [gev]  [Kew] [Ke¢]  [Kov {¢} {re}
{Kwu} {va} [waJ Kvo Kv¥v {¢} {fw }

where the sub-matrices [K] contain the elements of the stiffness matrix, the sub-matrices [M]
represent the mass associated with each displacement, the vectors {u}, {v}, {w}, {¥}, and {¢}
are the corresponding approximation coefficients U;;, Vi;, Wij;, ¥y, and @45 of equation (20), and
the vectors { £}, {f*}, {f“}, {f¥}, and {f?} represent the external loading and potentials acting
on the plate.

The dynamic analysis of the laminates is developed assuming harmonic motion. Therefore,

the solutions for the primary unknowns have the form



Us (J?, Y, 2, t)
o(z,y,2,1)
(@, Y, 2,t)

wi(z,y, 2)e™t (22)
o(z,y,z)e"" (23)
U(x,y, 2)e™"! (24)

where w is the natural frequency.

Taking second derivative with respect to time of equation (22) gives

ai(xayazvt) = _w2ui(x7y7z)€iwt (25)

Replacing equations (23) to (25) into equation (21), and simplifying the dynamic problem

becomes the following eigenvalue problem:

[Kuu] [ uv} [Kuw] Kud) Kuw {u}
(Kvv]) (K] (K] (KL (K {v}
(K] (K] (K] [Kee] (K {w} (26)
Kou K¢V K ow Koo KoY {0}
[Kwu} {va} { ww} KYo KYv {4}
[pree] [0 [0} [0] [0] {u} {0}
[0 [pm*] (o] [0] [0] {v} {0}
—w? | [0] (0] [m==] [o] [0] {w} p =4 {0}
[0] (0] [0 [0] [0] {0} {0}
[0] (0] [0} [0] [0] {0} {0}

The natural frequencies and the corresponding shape functions can be found by solving this
eigenvalue problem with no external forces since free vibration analysis is assumed. The electric
and magnetic potentials are eliminated from this equation by following a standard matrix conden-
sation procedure, allowing solution by using direct eigensolvers. First we consider the following

partition of the matrix equation (26)

(K] (K7 { {U} } 2[ [M7Y] 0] ] { {U} }_{ {0} } o
(2] [K*] )L A2} o o ] L {0} {0}
expanding equation (27) gives the matrix equations
[KUT{U} + [KU?] {2} - w? MUV {U} = {0} (28)
[K*]{U} + [K*?] {2} = {0} (29)

Solving for ® from equation (29) and substituting back in (27) results in the following general

eigenvalue problem

([K] - w*[M]){U} = {0} (30)



where U represents the modes shapes, w is the natural frequency, and the condensed stiffness

matrix [K] is calculated as
(K] = ([KUU] — [KV?] [K@b]*l [KéU]) (31)

The elements of each of the sub-matrices [K] and [M] in equation (26) have a specific form
as a result of the pre-integration with respect to the thickness coordinate. They consist of the
product of the thickness approximation functions and the gradient function representing the
through-thickness variation of the material properties, fully integrated, and then multiplied by
the in-plane approximations.

In order to illustrate the pre-integration with respect to the thickness coordinate, we consider
the sub-matrix [K""] given by

wu Ou du Oudu  Oudu Ou du Ou Ou
K _/V[C“(Z>axax+c ”(a 8x+8x8y>+055(2)828z+0 Hayay |V G

Substituting the approximation functions (20) in equation (32), its first term becomes

m N+1 z mN+16u
/Cu (ZZM ) ) S5 W@ i) av (33)

i=1 a=1 j=1 =1
where, m is the number of terms in the in-plane approximation functions, and NN is the total
number of layers in the laminate. The summations for a and 3 extend to (/N + 1) which is the
number of layer interfaces in the laminated plate and the number of approximation functions in

the thickness direction. Expression (33) can be re-written as

N+1N+1

/ Cil(2) Y D wal2) dz/ /L 53 ( )arya(jy)dxdy (34)

a=1 =1 11]1

and with the first integral termed as A,g, expression (34) can be written as

aﬂ/ /L Y ( )arga(jy)dxdy (35)

zljl

The linear Lagrangian interpolation functions used in the thickness direction are defined as [33]

v1(z) = 1-— S 21 <z < 29 (36)
Z2 — 21
Z— Zp_
er(z) = STkl 21 < 2 <z (37)
Zk — Rk—1
zZ— Zk
or(z) = 1——— 2k < 2 < Zpa1 (38)
Zk+1 — Rk
z— 2z
ont1(2) = ——— Zn <2 < Zpga (39)
Zn4+1 — Zn

where 2z are the coordinates of the top and bottom surfaces of each discrete layer. Note that

the sum over the number of layers of the laminate in expression (34) is limited to the layers over
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which the functions ¢ (z) are defined. These functions are defined at the most over two adjacent
layers [34].
Substituting equations (36)-(39) into expression (35), the first element of the matrix A,g is

given by

An :/Zz Cia(2) <1 S >2dz (40)

- 2y — 21
where, z1 and z9 are the thickness coordinates of the bottom and top surfaces respectively of
the corresponding layer. It is important to realize that the form of the pre-integrated elements
of the sub-matrices depends on the transition function describing the gradient of the material
properties through the thickness of the laminate. Furthermore, any continuous transition function
may be implemented in the present discrete layer approach. Neither the pre-integration in the
thickness direction nor the inclusion of the gradation function into the governing equations alters

the symmetry of the global stiffness matrix.

3. Numerical Examples

Four different examples are considered in this section. First, the solution is validated by de-
termining the natural frequencies of a simply supported functionally graded square plate made
of a composite material obtained by mixing a metal (Aluminum) and a ceramic (Zirconia) mate-
rial. The effective properties are determined by using the Mori-Tanaka scheme, and results are
compared to the exact solutions published by Vel and Batra [19]. Natural frequencies of rectan-
gular plates made of Aluminum/Zirconia are also determined. Then, three more examples are
considered: an elastic composite plate in which the material properties exhibit an exponential
variation through the thickness of the laminate, a plate made of an orthotropic fiber reinforced
material (Graphite/Epoxy) with the in-plane orientation of the fibers gradually varying as a
function of the z coordinate, and finally, the natural frequencies of a two-material magneto-
electro-elastic composite plate made of a piezoelectric material (BaTiOs), and a magnetostrictive
material (CoFezO4) are determined considering that the volume fraction of the constituents con-
tinuously changes through the thickness of the plate. Through-thickness variations of some of the
material properties for each type of gradation are shown in Figure 1.

Each numerical example is solved using two different approaches. First, the functions de-
scribing the gradation of the corresponding material property are incorporated into the governing
equations and analytically or numerically integrated before assembling the stiffness and mass ma-
trices, and before solving the eigenvalue problem. In a second approach, the plates are discretized
into a finite number of homogenous layers with material properties determined by the average
values within the respective layer and according to the corresponding gradation function, that is

Pu= [ ()

22 — 21

1
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where P represents any material property, and z; and zo are the coordinates of the bottom and
top surfaces of the respective layer. Specializing the previous equation for the first component
of the elastic tensor, and after substituting back in equation (40) the first element of the matrix

A, becomes

z2 _ 2 . _
An =/ Cu (1— : Zl) ClZ:CnZ2 3 o (42)

29 — 21

These two approaches are considered in order to evaluate the need for including the gradation
functions into the governing equilibrium equations.

Normalized natural frequencies are shown in Tables (2-11) for the different examples presented
in this paper. Frequencies obtained considering gradation functions (Approach 1) are shown in
columns with the heading ”Graded”, while the columns named ”Homog” show frequencies deter-
mined using homogeneous discrete layers (Approach 2). The natural frequencies are normalized

as

@n = wn(Ly/H)V/ (p/C1) (43)

where p and Cjp; are the effective mass density and the corresponding element of the effective
elastic stiffness matrix of the composite material at the bottom of the plate.

To show the applicability of the present model, all the plates considered here are analyzed for
two different boundary conditions: four edges simply-supported (SSSS), and two opposite edges
simply supported at x=0 and x=L,, and the other two free at y=0 and y=L, (SFSF).

The natural frequencies are first determined for plates with its four edges simply supported
(SSSS). The edge boundary conditions are consistent with those of simple support. Hence, the
transverse displacement w is specified to be zero, with zero electric and magnetic potential (when
applicable), and zero normal traction also specified along the edge length and along the top and
bottom surfaces of the laminate. These tractions appear in equations (14) and (17) as natural
boundary conditions, and the free condition is satisfied in the present approach only in an integral
sense and not pointwise as in exact solutions. The in-plane approximation functions for each of

the three displacements and two potentials are given in the form:

I} (z,y) = cospzsinqy (44)
'} (x,y) = sin px cos qy (45)
[} (z,y) = sin pz sin py (46)
Ff (z,y) = sinpzx sin qy (47)
Fg’ (z,y) = sinpzx sin py (48)

where p = nw/L, and ¢ = mn/L,. Here the index j is a single integer that is linked to the
numbers used for p and ¢ in each of the terms of the approximation functions. For the simply
supported boundary conditions considered in these examples only one term is required to match

the exact solution corresponding to the first axial mode (i.e. p=1, q=1). The plate is discretized
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into an increasing number of layers until convergence is achieved for both thickness representation
approaches when 30 layers are used.

For the SFSF cases, the plate is simply supported along two opposites edges at x = 0 and
x = Ly, and the other two edges at y = 0 and y = L, are free. The traction free conditions at
the top and bottom surfaces are the same as in the previous example. To satisfy the support
conditions, power series are used for the approximation functions of the three displacements,
electric and magnetic potentials. The approximation functions for the displacements satisfy the
essential boundary conditions because they do not enforce zero displacement at the free edges,

but they do at simply supported edges. They are given by

T4(z,y) = (& — Ly /2)" [y (y — L))"V n,m=0,1,2,3,... (49)
U(z,y) = o (@ — L))" (y — Ly /2)™ n,m=0,1,2,3,... (50)
T (x,y) = (¢ — Ly /2)" [y (y — L) ™Y n,m=0,1,2,3,... (51)
Ff(aj, y) = sin px sin qy (52)
F;p(a:,y) = sin px sin py (53)

Analyses are performed for an increasing number of layers and terms in these approximation
functions, achieving convergence for both approaches with 30 layers and m = n = 7.

The length of the square plate in the validation example is 1.0 m, with three different aspect
ratios H/L,=0.05, 0.10, and 0.20 being considered. The geometry of the plates used in the
remaining examples is the same, that is, the length L, = 2.0 m, the width L, = 1.0 m, and
two thickness to length ratios are studied H/L, = 0.1 and H/L, = 0.20. The properties of the

material constituents of the plates are shown in Table 1.

3.1. Aluminum-Zirconia Composite Graded Plates

The first example considers a metal-ceramic composite plate made of two isotropic component
materials, aluminum (Al) and Zirconia (ZrO3) with material properties shown in Table 1. The
variation of the volume fraction of the ceramic phase V., and of the metal phase V,,, as functions

of the thickness coordinate are given by

V) = (5 ! (54)
V() = 1 - Vil2) (55)

Here, n is a parameter determining the ceramic volume fraction variation through the thickness
of the plate. Four different n values (1, 2, 3 and 5), are considered for the square plate, while for
the rectangular plates only two values n=1 and n = 3 are considered . At the bottom of the plate
(z = 0) the volume fraction of the ceramic is zero, while it is 1.0 at the top of the plate (z = H).

The gradation functions describing the variation of the effective material properties at any
height z within the plate is determined as a function of the volume fraction of the ceramic phase.

The latter is done by using the Mori-Tanaka scheme assuming a graded material having a well

13



defined matrix (Al) reinforced by spherical particles of the particulate phase (ZrO2) [19, 22]. As

a result, the effective material properties are expressed as
p(2) = peVe(2) + pmVim(2) (56)

K(2) = Ve(2)(Ke — Kim) K, (57)

(14+ (- V() i)

VC(Z)(,UC - Mm)

w(z) = - + Hm (58)
(1+ 0 -Vige) fistz)
9K, + 8
Jm = Mmm (59)
Az)=K(z)—2p/3 (60)

where K(z), K., and K,, are the bulk moduli of the composite, ceramic, and metal materials
respectively, u(z), pie, and g, are the shear moduli, and A(2), A., and A, are the corresponding
Lamé constants. Through-thickness variation of the engineering elastic constants are shown in

Table 1a, and they are calculated as

Cua(z) = Cs5(2) = Ces(2) = p(2 (62)
023(2’) = 013(2) = Clg(z) = )\(Z (63)

Substitution of equations (56) to (63) into equation (40) results in the first component of the

matrix A,g that represents the pre-integration with respect to the thickness coordinate, and is

given by
2 2)" Kc - Km
An =/ { () ( R BK + Km+
2 (1 (0= (3)) i)
z n _ _ 2
()" (e = pm) o (1_ z Z1> & (64)
(1 0= ()" ) 2o

These expressions are numerically integrated using 16 Gauss points within the computer code
before assembling the stiffness and mass matrices, and before solving the eigenvalue problem.
Normalized natural frequencies for simply supported square plates are shown and compared to
the exact solution published by Vel and Batra [19] in Tables 2 and 3. These values were extracted
from Qian et al. [22] because of the presence of typographical errors in the original publication
[35]. Excellent agreement is obtained. The first 10 normalized natural frequencies obtained by the
two solution approaches, different aspect ratios, and different 7 values mentioned before are shown
in Table 4 for the SSSS rectangular plates, and in Table 5 for SFSF plates. It can be seen from

these tables that the maximum difference in the natural frequencies between approaches 1 and 2
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is only 0.04%. This indicates that for the present discrete layer method, the use of homogeneous
layers rather than incorporating the gradation functions into the governing equations results in
excellent levels of accuracy, with the corresponding saving in effort and computer time.

Natural frequencies are reduced when the variation of the ceramic volume fraction changes
from linear (n=1) to cubic (n=3). The change is about 3.0-4.0 % for the first three frequencies,
close to 8.0% for frequencies 4 to 6, and back to 3.0-4.0% for frequencies 7 to 10. These variations
are similar between simply supported plates with aspect ratios H/L,;=0.10 and H/L,=0.20, while

it is practically the same for plates having two simply supported edges and two free edges.

3.2. Exponentially Graded Plates

After validation of the proposed method, single-layer rectangular plates made of an elastic
orthotropic material were studied. The components of the elastic stiffness tensor for the material
considered in this example vary exponentially as a function of the thickness coordinate, and the

mass density is assumed to be constant throughout the plate. The elastic constants are then given

by
Cir(2) = Cje™ (65)

where Cj;, are the components of the stiffness tensor at any height z, Cf} are the components at
z = 0 and shown in Table 1 [23], and 7 is the exponential factor characterizing the degree of the
material gradient in the z-direction. Note that 7 has units [1/L], and n = 0 corresponds to a
homogeneous material [23].

Substitution of equation (65) into equation (40) and performing the integration gives the first

component of the matrix A,z as

#2 — 2 2022021 — 20 (20 — 21) — 02 (25 + 23) — 2] %1 + 2e7*2
Allz/ c;’le"Z(l—Z Zl) gz — oo, J P m ) 2 (22 1) -2 (66)
2 Z2— 21 3 (21 — 22)

where, z; and 29 are the thickness coordinates of the bottom and top surfaces, respectively, of the
corresponding layer.

Natural frequencies for three different exponential factors n=0, n=1, and n=3 are shown in
Tables 6 and 7 for both aspect ratios and boundary conditions considered. Excellent agreement
is again obtained between approaches 1 an 2, with a maximum difference of 0.30 % for SSSS
plates and only 0.005 % for the SFSF plates. As expected, the natural frequencies for the graded
plates are higher than those for the homogeneous plate (n=0) because the stiffness of the plate is
increased when positive exponential factors are used for this type of gradation (See Figure 1b).

The frequencies increased when the exponential parameter was increased from 1 to 3 for both
boundary conditions and aspect ratios considered. The change is about 10-12% for H/L,;=0.10 and
20-25% for H/L,=0.20. In this case, for exponentially graded plates, the effect of the gradation
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parameter in the natural frequencies is considerably different depending on the aspect ratio of the

plate.

3.3. Graphite-Epoxy Graded Plates

The next example considers the analyses of plates made of the orthotropic fiber reinforced
graphite-epoxy. Here, the orientation of the fibers is assumed to smoothly vary as a function of
the z-coordinate, being oriented in the z-direction on the bottom surface and in y-direction on
the top surface of the laminate. The in-plane orientation of the fibers measured with respect to

the z-axis is expressed as

n

0:) =3 (%) (67)
where 7 is the parameter determining the type of variation of the fiber orientation through the
thickness of the plate. Materials having this configuration can be manufactured by stacking thin
layers having different orientations [21], noting that as the fiber orientation changes the elements
Cig, Cog, Csg, and Cys of the elastic stiffness matrix become nonzero as shown in Figure 1c for
C16- The magnitude of the components of the elastic stiffness tensor can be obtained at any hight
z by typical tensor transformations as shown in Appendix A. As an example, the first component

of the elastic stiffness tensor as a function of the fiber orientation is given by
C11(0) = C?, cos*(0) + Cgy sin*(0) + 25sin(0) cos?(0)(CYF, + 2C%) (68)

with equations (67) and (68) in (40) giving the first components of the matrix A,z as

= [ {eneos [5 (5) ] - et [5 ()] +

2sin? [T (2)"eos? [Z (2)"] (ct1 + 208)) (1 - ) 0 (69)

These expressions are also numerically integrated before assembling the stiffness and mass matri-

ces, and before solving the eigenvalue problem.

Homogeneous plates (n=0) with the fibers parallel to the = coordinate axis, and linear and
cubic variations of the fiber orientation are considered in these examples (i.e. n=1 and n=3). Nor-
malized natural frequencies can be seen in Tables 8 and 9 for SSSS and SFSF plates, respectively.
Once again excellent results are obtained using discrete homogeneous layers with a maximum dif-
ference of 0.05% between approaches 1 and 2. It can be seen, when comparing the homogeneous
plate frequencies to those of graded plates, that for SSSS plates the first frequency decreased,
while the other increased. This may be from the fact that the first mode shape is primarily bend-
ing about the y-axis in which bending stiffness is reduced with the change in fiber orientation.
For the other frequencies, there is a higher influence of the y-axis and two-way bending stiffnesses
which are being increased. For SFSF plates, the repeated frequencies of the homogenous case,
indicating symmetrical vibration modes, disappear for the graded plates because the plates are

no longer symmetric in z.
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The change in natural frequencies does not show a clear pattern when going from n=1 to n=3.
Most of the frequencies of the SSSS plate increased, while for the SFSF plate some increased and
some decreased. The magnitude of the changes does not exhibit a clear pattern either. Some of
them show the same change for the different aspect ratios, and the change is considerably different

for others.

3.4. Magneto-Electro-Elastic Graded Composite Plates

As a final example, natural frequencies of composite plates consisting of a piezoelectric and a
magnetostrictive phase are determined. These composites exhibit a magnetoelectric effect that is
not present in the constituents. The coupled behavior between piezoelectric and magnetostrictive
phases is represented by the magnetoelectric moduli d;; that become non-zero as can be seen
in Figure 1d. The plates considered in this example are made of the BaTiO3-CoFeyOy4 fibrous
laminated composite material. The effective moduli are obtained based on the work published by
Li and Dunn [3], in which a Mori-Tanaka mean field approach is used coupled with the magneto-
electroelastic Eshelby tensor to obtain explicit expressions for the effective magnetoelectroelastic
and thermal moduli of two-phase composites. These composites consist of a magnetostrictive
matrix with a dispersed fibrous piezoelectric phase. Here, we consider plates for which the vol-
ume fraction of the piezoelectric phase (BaTiO3) continuously varies through the thickness of the

laminate according to equation (54) and repeated here for convenience

Vo) = (%) (70)
V() = 1=V (2) (71)

The bottom surface of the plate is magnetostrictive (CoFeaOy4) because the volume fraction
of the piezoelectric phase (V) is zero, and the top surface is piezoelectric because the volume
fraction of the magnetostrictive phase (V,,) is zero. Closed form expressions for the effective
properties as published by Li and Dunn [3] are presented in Appendix B. In order to illustrate
the through-thickness pre-integration for magneto-electro-elastic laminates, the first element of

the elastic stiffness tensor is shown here and given by

Cua(2) = kEmkp + Vo (2)kpmu, + Vi (2)kmma, 3
M L 2k + Vi (2)km + m
Mo (Emmyp + Vi (2)kmmyp + Vi, (2) kM, + 2mpmy,)

Vin (2)kmmy + kM, + Vp(2) kM, + 2V, (2)mpmyy, + 2V, (2)m2,

(72)

where the subscripts , and ,, indicate piezoelectric and magnetostrictive phases respectively, and

k and m are the Hill moduli of the corresponding phases

C C
b — 11; 12

m— Ci—Ch2
2

Substitution of equations (71) and (75) in equation (41) results in

17



1 [+ 1) T+ [ ()"
At 11{ = () Tk + [3) T 10

oy + [(5)"] By + [1 = (7)"] K+ 2mumy) }
0= () Tty o+ ()T e 2 [1— ()" g 2 [(7) ] 0,

2
(1 Z_Zl> dz (75)
22— 21

which is the first component of the matrix A,z representing the pre-integration with respect to

3 T

the thickness coordinate. These integrals are evaluated numerically using 16 Gauss points before
calculation of the natural frequencies.

Normalized natural frequencies are shown in Tables 10 and 11, considering two different 7 val-
ues, and for the aspect ratios and support conditions mentioned before. Frequencies obtained using
the homogenous layer approach are almost exactly the same as those calculated incorporating the
gradation functions into the governing equations. The sense of change (increasing/decreasing) in
frequencies of SSSS plates in going from n=1 to n=3 is the same for both aspect ratios, and the
magnitude of the change is similar. However, for the SFSF plates having an aspect ratio H/L,
=0.10, some of the frequencies decreased with the change in the variation of the volume fraction
of the piezoelectric phase. On the other hand, all the frequencies increased with this change for
the plates having an aspect ratio of 0.20. The magnitude of the changes were similar for both

aspect ratios considered, with a maximum change of 4.2%.

4. Summary and Conclusions

A discrete layer model has been developed and presented for the free-vibration analysis of
magneto-electro-elastic graded plates. T'wo different approaches were developed: the first incor-
porates the function describing the through-thickness variation of the material properties into
the governing equations, and the second considers the plates discretized into homogenous layers
with properties determined by the average within the corresponding layer. The present model
was validated with excellent agreement by comparing with the exact solution [19], the natural
frequencies of a simply supported square metal-ceramic plate with the volume fraction of the
constituents varying as functions of the thickness coordinate. The approaches presented here
were also used to determine the natural frequencies of simply supported plates, and plates having
two opposite edges simply supported and the other two free. Different materials and through-
thickness gradation functions were considered: 1) isotropic metal-ceramic composite material for
which the volume fraction of the phases varies through the thickness of the plate, 2) orthotropic
material having an exponential variation of the elastic constants, 3) fiber reinforced composite
material Graphite/Epoxy with a continuous variation of the fiber orientation, and 4) a magneto-
electro-elastic composite material having a magnetostrictive matrix (CoFegQOy) reinforced with

piezoelectric fibers (BaTiOs3) and considering a smooth variation of the volume fraction of the
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constituents as a function of the z-coordinate.

The main features and conclusions derived from the present work are listed below.

1. The discrete-layer model can be used to solve the free-vibration problem of magneto-electro-
elastic graded plates with excellent accuracy when a sufficient number of layers and terms
are employed in the approximations. Using 30 layers and one approximation term for the
simply supported plates resulted in excellent agreement with exact solutions, while 30 layers

and 7 terms for SFSF plate were sufficient to achieved convergence.

2. Any continuous function describing the gradient of the material properties can be success-
fully incorporated into the governing equations in the present approaches for the dynamic

analysis of plates.

3. For the material parameters used, a uniform representation with homogeneous layers gives
excellent accuracy, with the consequent reduction in effort and computational time. The
maximum observed difference between approaches was only 0.3%. A similar homoge-
nization technique have been successfully used by Shuvalovy and Soldatos [36] for the
three-dimensional analysis of radially inhomogeneous tubes with an arbitrary cylindrical
anisotropy, they showed that the exact formal solution may be approximated with any

desired accuracy as far as the dimensionless thickness h of the layers is set anyhow small.

4. The effect of the gradation parameter 1 on the natural frequencies depends on the type of
material and variation of material properties through the thickness of the plate. For the
Al/ZrOq plate the frequencies increased when 7 was increased, while they decreased for
the exponentially graded material, and for the graphite/epoxy and BaTiO3/CoFe2O4 no

obvious trend was observed.
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Appendix A

Tensor Transformation Equations

C11 = Cfy cos? 0 + Y, sin? 6 + 2sin? 0 cos? H(CYy + 2C%)
Cay = CFy sin? 0 + CY, cos? § + 2sin? 0 cos? H(CYy + 2C%)
Cs3 = C33
Cuy = Oy cos®(0) + C2 sin®(6)
Cs5 = C9,sin’(0) + C2s cos®(6)
Ces = (C9) — 2C%, 4+ C%,) cos? fsin? § + CZ4(cos? § — sin? 0)?
Cia = (C9) — 4CZ + C%,) cos? Osin? § + Cfy(cos? § + sin? §)
C13 = CYycos” O + C9ysin* 6
Caz = Cf3sin § + C95 cos? §
Cys = (C%5 — CFy) cosOsin b
Cig = [(C’fl — 2085 — C%) cos® 0 + (O} + 2Cg5 — O%) sin? 0} cos 0 sin
Cos = [(C’fl — 208 — C%y) sin? 0 + (Cfy + 208 — C3,) cos? 0} cosfsin @

Cs6 = (C73 — C93) cosOsin b
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Appendix B
Magneto-Electro-Elastic Effective Moduli [3]

Elastic Moduli:

C11(2) = Caa(z) = k(2) + m(2) (89)

Vi (2)(Cizm — Cizp)?

C33(2) = Cs3m + Vp(2) |Cssp — Cagpm — Vi (=) + Vi (2)m + 7m (90)
Cua(s) = On(2) = Cuan + L2y o Pl e o
Cra(z) = k(z) —m(2) (92)

Cua(2) = Cs5(2) = Caam + j [(e15p — €15m)(fe — gh)+
(Caap — Caam)(ih — fd) + (q15p — q15m) (9d — i€)] (93)
Cos(2) = m(z) (94)
k(2) = kmkyp + Vo (2)kpmu + Vi (2)kmmm, (95)

Vi (2)kp + Vi (2) by + M,

m(z) = Mon (ke + Vo (2)kmmyp + Vi (2) kM, + 2myp,my,) (96)
B Vi (2)kmmyp + kmmap, + Vp(2) kM, + 2V, (2)mpmy, + 2V, (2)m2,

Piezoelectric Coefficents:

Vp(2)(es1p — e31m) (km + M)
Vi (2)kp + Vp(2)km + M,

e31(2) = e32(2) = ezim +

Vin(2)(Cizm — C13p)(€31p — €31m)
Vin (2)kp + Vo (2) b + Moy,

e33(2) = e33m + Vp(z) €33p — €33m +

e15(2) = e24(2) = e1sm + J [(e15p — €15m)(9a — fe)+
(044;1) - C44m)(fb - 'La) + (q15p - q15m)(ic - gb)] (99)

Piezomagnetic Coefficients:

Vo (2)(g31p — g31m) (km + M)

p— pu— 1
931(2) = q32(2) = @31m + Vi (=) Vo (2)him & 1 (100)
Vi (2)(Crzm — Ci3p) (@31p — 931m)
= - 101
433(2) = q33m + Vp(2) |433p — @33m + Vo (Vo V(=) 70 (101)
q15(2) = q24(2) = q15m +J [(615]9 — e15m)(ch — ae)+
(Caap — Caam)(ad — bh) + (q15p — q15m ) (be — cd)] (102)
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Dielectric Permittivity Moduli:

€11(2) = €22(2) = €11m + J [(€11p — €11m)(ga — fc)+
(e15p — €15m) (i@ — fb) + (p11p — p11m ) (ic — gb)]

Vin(2)(es1p — €31m)” }

€33(2) = €33m + Vp(2) [6331’ T Casm T Vi (2)kp + Vp(2)k + M,

Magnetic Permittivity Moduli:

p11(2) = p22(2) = piim + J [(diip — diim)(ch — ae)+
(q15p — q15m) (bh — ad) + (p11p — p11m)(be — cd)]

Vin (2) (pi31p — pi31m)” }

= Vv ~ sz —
p3z(2) = pasm + Vp(2) [M33p H33m V() ky + V, () ks + 10
Magnetoelectric Coefficients;

di1(2) = da2(2) = diim + j [(€11p — €11m)(ch — ae)+
(615;0 - elsm)(bh - ad) + (dllp — dllm)(be — Cd)]

Vi (2)(e31p, — €31m m—
d33(2) = dazm + Vp(2) |:d33p — d3gm — () (eatp — eanm) (@ Q31p)}

Vi (2)kp + Vo (2)kny + My,

Constants:

2 2 2
[Caamerimbiim + €3smitiim + €11m@ism — 2d11me15md15m — A1 Caam|

Ji(z) =2V (2) (ic — gb)h + (fb — ia)e + (ga — fo)d

a(z) = [(q15p — q15m) (E11mM11m — d31,n) — (di1p — diim) (€15miaim — diim@ism)—

(L11p — f11m) (@15mE1im — diimeism)] Vin(2)

b(z) = [(e15p — €15m) (E11mM11m — A1) — (ditp — d11m) (@15m€r1m — d11me15m)—

(611p - 611m)(€15m,u11m - dllmq15m)] Vm(Z)

c(z) = [(044;) — Caam)(€11mM11m — d%m) + (e15p — €15m) (€15mM11m — diimqi5m)+

[(ic — gb)h + (fb—ia)e + (ga — fc)d]

(q15p — qi5m ) (@15m€11m — diimeism)] Vin(2) + %

d(z) = [—(d11p — d11m)(d11m Caam + €15mGism) + (€15p — €15m) (€15mt11m — d11mGism)+

(e11p — €11m) (@5 + Caampaim)] Vi (2) + 5 [(ic — gb)h + (fb — ia)e + (ga — fc)d]

J
2
e(z) = [(g15p — @15m) (d11mCaam + €15mGi5m) + (Caap — Caam)(€15mb11m — d11mq15m)—

(e15p — €15m) (@5 + Caamptiim)] Vin(2)

f(2) = [—(d11p — di1m)(d11mClaam + €15mqi5m) + (@15p — G15m) (@15mE11m — d11mE15m )+

(11 = H11m) (€F5n + Catmerim)] Vin(2) + 5 [lic = gb)h + (fb — ia)e + (9a — fo)d

9(2) = [(e15p — €15m) (d11m Caam + €15mGism) + (Caap — Caam) (@i5me€11m — di1m€15m)—

(q15p — qi5m) (€35 + Caame€rim)] Vin(z)

h(z) = [(q15p — @15m) (H11m€15m + d11m@15m) — (11p — 11m) (Caamdiim — €15mqism )+
(dllp - dllm)(Q%{;m + C44m//&11m)} Vm(z)

Z(Z) = [(615p - elsm)(ﬁnmfh5m - d11m€15m) - (611p - 611m)(044md11m - 615m¢]15m)+
(di1p — di1m)(€T5m + Caamerim)] Vin(2)
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Figure Captions

Figure 1. Through-thickness variation of material properties for n=3: a. Al/ZrOs, b. Expo-
nential Material, c. Graphite/Epoxy, and d. BatiO3/CoFezO4. (C;; in GPa, except for Cyq in 10
x GPa in part lc., e;; in C/m?, q;; in 10> x N/Am, and d;; in 1072 x Ns/VC)
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Table 1
Material properties.

Parameter Aluminum  Zirconia Material A Graphite-Epoxy CoFe;O4 BaTiOg
C11 (GPa) 94.2307  256.5052 7.3801 183.443 286.0 166.0
Cag 94.2307  256.5052 1.7341 11.662 286.0 166.0

Cs3 94.2307  256.5052 7.3802 11.662 269.5 162.0

Ci3 40.3846  109.3889 3.4450 4.363 170.5 78.0

Cas 40.3846  109.3889 1.3780 3.918 170.5 78.0

C12 40.3846  109.3889 3.4450 4.363 173.0 77.0

Cyq 26.9231  73.5582 2.3121 2.870 45.3 43.0

Css 26.9231  73.5582 1.8682 7.170 45.3 43.0

Cee 26.9231  73.5582 2.3121 7.170 56.5 44.5

es1 (C/m?) NA NA NA NA 0.0 4.4
€32 NA NA NA NA 0.0 -4.4

€33 NA NA NA NA 0.0 18.6

qs1 (N/Am) NA NA NA NA 580.3 0.0
q32 NA NA NA NA 580.3 0.0

433 NA NA NA NA 699.7 0.0

G24 NA NA NA NA 550.0 0.0

q1s NA NA NA NA 550.0 0.0

ein (107°C%/Nm?) NA NA NA NA 0.080 11.2
€29 NA NA NA NA 0.080 11.2

€33 NA NA NA NA 0.093 12.6

di1 = dos = ds3 NA NA NA NA 0.0 0.0
w1 (1076Ns?/C?2) NA NA NA NA -590.0 5.0
o9 NA NA NA NA -590.0 5.0

1433 NA NA NA NA 157.0 10.0

p (kg/m?) 2702.0 5700.0 1.0 1590.0 5300.0 5800.0
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Table 2
Comparison of normalized natural frequencies of a simply supported square Al/ZrO- plate with n=1.

H/L,=0.05 H/L,=0.10 H/L,=0.20
Exact Present Exact Present Exact Present
6.120 6.120 5.960 5.960 5.480 5.478
58.240 58.200 29.120 29.100 14.733 14.550
98.160 98.080 49.010 48.980 24.380 24.365
823.920 823.720 207.500 207.450 53.390 53.353

IS GUR R
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Table 3
Comparison of normalized natural frequencies of a simply supported square Al/ZrOs plate with H/L,=0.20.

n=2 n=3 n=>5
Exact Present Exact Present Exact Present
5.493 5.490 5.528 5.528 5.563 5.563
14.278 14.270 14.150 14.145 14.025 14.023
23.910 23.898 23.695 23.688 23.495 23.488
50.375 50.373 48.825 48.823 47.688  47.688

IS GUR R
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Table 4
Normalized natural frequencies of a simply supported rectangular Al/ZrOy plate with L,=2.0 m. and
Ly=1.0 m.

H/L,=0.1 H/L,=0.2
n=1 n=3 n=1 n=3
Graded Homog. Graded Homog. Graded Homog. Graded Homog.
14.249 14.243  14.444  14.440 12.050  12.047  12.007  12.005
46.013  46.008  44.732  44.730 22992  22.990 22359 = 22.358
77.255  77.247 75126  75.122  38.065  38.062  36.942  36.940
210.448 210.435 192.170 192.173  56.217  56.212  51.830  51.830
221.620 221.603 203.661 203.662  65.255  65.247  60.968  60.967
367.929 367.907 338.285 338.290 89.172  89.165  82.114  82.114
410.581 410.557 393.718 393.714 104.525 104.518 100.297 100.296
428.867 428.842 408.720 408.715 116.142 116.134 110.756 110.755
611.680 611.642 591.484 591.474 152.971 152.959 147.867 147.864
613.641 613.605 593.513 593.503 154.672 154.662 149.618 149.616

O © 00O U W
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Table 5
Normalized natural frequencies of a rectangular Al/ZrO plate with L;=2.0 m., L,=1.0 m, two opposite
edges simply supported and the remaining two free.

H/L,=0.1 H/L,=0.2
n=1 n=3 n=1 n=3
Graded Homog. Graded Homog. Graded Homog. Graded Homog.

1 177.654 177.598 171.261 171.197  44.413 44.400  42.815 42.799
2 197199 197.061 195.208 195.207  49.300 49.265  48.802 48.802
3 213.895 213.856 206.395 206.336  53.474 53.464  51.599 51.584
4 302256 302.125 287.134 287.113  75.564 75.531 71.784 71.778
5 359.555 359.474 332.030 332.012  89.889 89.869  83.007 83.003
6 405428 405.279 391.671 391.642 101.357 101.320  97.918 97.911
T 417383 417.325 397.138 397.124 104.346 104.331  99.285 99.281
8 451.543 451.357 443.138 443.125 112.886 112.839 110.785 110.781
9 461.563 461.396 444.323 444.275 115.391 115.349 111.081 111.069
10 502.275 502.092 484.204 484.156 125.569 125.523 121.051 121.039
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Table 6
Normalized natural frequencies of a rectangular simply supported plate with material properties exponen-
tially varying through the thickness of the plate, and with L;=2.0 m., Ly=1.0 m.

H/L,=0.1 H/L,=0.2
n=0 n=1 n=3 n=0 n=1 n=3

Homog. Graded Homog. Graded Homog. Homog. Graded Homog. Graded Homog.

1 32551  34.229  34.229  37.904  37.909 19.228  21.283  21.283  26.322  26.321
2 52384 55.103  55.103 61.192  61.193  26.179  28.924  28.924  35.228  35.229
3 145900 153.317 153.317 168.879 168.910  43.106  47.641  47.641  58.224  58.224
4 275.350 289.345 289.345 318.687 318.933  71.442  78.844  78.844  95.236  95.236
5 299.887 314.716 314.717 343.044 343.075  80.884  89.206  89.206 107.188 107.188
6 319.926 335.877 335.878 367.821 367.899 105.125 116.000 116.000 139.945 139.945
7 372,671 392.497 392.496 439.388 439.415 138.688 153.028 153.028 175.612 175.637
8 411.316 432.225 432.225 476.099 476.963 152.687 162.070 162.074 184.549 184.549
9 527935 554.894 554.894 612.338 612.684 153.226 171.730 171.730 207.946 207.947
10 547.647 575490 575.490 633.934 635.987 165.419 185.007 185.007 226.721 226.732
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Table 7

Normalized natural frequencies of a rectangular plate with material properties exponentially varying
through the thickness of the plate, and with L,=2.0 m., L,=1.0 m, two opposite edges simply supported
and the remaining two free.

H/L,=0.1 H/L,=0.2

n=0 n=1 n=3 n=0 n=1 n=3

Homog. Graded Homog. Graded Homog. Homog. Graded Homog. Graded Homog.

6.035 6.346 6.346 7.023 7.023 4.267 4.720 4.720 5.808 5.808
13.958  14.684 14.684  16.310 16.310 7.444 8.230 8.230  10.106 10.106
21.464  22.585 22.585  25.145 25.145 10.732  11.917 11.917  15.099 15.099
24.152  25.394 25.394  28.094  28.094 15929  17.626 17.626  21.741 21.740
41.818  43.990  43.990  48.860  48.860  21.464  23.738 23.738  29.137  29.138
42.928  45.159  45.159  50.175 50.175 22.056  24.396 24.396  30.000 30.001
52.384  55.103 55.103  61.188 61.189  26.177 28917 28918  35.179 35.182
60.248  63.367  63.367  70.302 70.302 32.196  35.661 35.661  44.244  44.243
64.392  67.745  67.745 75324  75.324  32.248  35.705 35.705  44.293  44.294
67.653  71.141 71.141  78.793 78.793  36.126  39.957  39.957  49.088  49.090

O © 0O Uk W

33



Table 8
Normalized natural frequencies of a rectangular simply supported Graphite/Epoxy plate with the orien-
tation of the fibers continuously changing as a function of the thickness coordinate, and with L,=2.0 m.

and L,=1.0 m.
H/L,=0.1 H/L,=0.2
n=0 n=1 n=3 n=0 n=1 n=3

Homog. Graded  Homog. Graded  Homog. Homog. Graded Homog. Graded Homog.

1 71.706 56.373 56.385 53.832 53.835  46.540  42.877  42.883  41.149  41.158
2 132873  255.767  255.778  245.005  245.030  66.290 115.273 115.286 108.695 108.734
3 461.391  414.363  414.381  358.085  358.096 129.285 160.573 160.587 160.546 160.578
4 536.205 643.820 643.821 634.201 634.212 209.350 217.103 217.110 202.055 202.137
5 771798  746.508  746.496  716.112  716.115 236.953 241.962 241.964 229.723  229.790
6  855.896 1009.526 1009.527  999.648  999.647 273.515 286.176 286.181 269.468 269.547
7 911411 1187.473 1187.466 1151.842 1151.817 300.456 334.597 334.583 322.338 322.544
8 1235.286 1257.901 1257.895 1277.630 1277.637 336.131 368.784 368.781 352.702 352.961
9 1329.886 1756.628 1756.619 1645.848 1645.847 386.992 456.753 456.751 429.349  430.047
10 1695.907 1770.750 1770.744 1864.465 1864.433 434.619 467.625 467.623 481.626 482.375
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Table 9

Normalized natural frequencies of a rectangular Graphite/Epoxy plate with the orientation of the fibers
continuously changing as a function of the thickness coordinate, and with L,=2.0 m., Ly,=1.0 m, two
opposite edges simply supported and the remaining two free.

H/L,=0.1 H/L,=0.2

n=0 n=1 n=3 n=0 n=1 n=3

Homog Graded Homog. Graded Homog. Homog. Graded Homog. Graded Homog.

2.667 2.710 2.711 2.960 2.961 1.917 1.911 1.911 2.092 2.093
5.513 5.939 5.939 6.201 6.201 2.757 3.097 3.097 3.142 3.142
5.513  10.369 10.369 9.038 9.039 2.757 5.102 5.102 4.457 4.458
6.871  10.793 10.795  10.245 10.245 5.046 6.995 6.996 7.056 7.056
11.027  10.933 10.937  12.453 12.457 5.513 7.458 7.461 7.612 7.614
12,771 17.741 17.741  17.403 17.397 7.362 8.857 8.861 8.388 8.390
14.055  18.099 18.105  18.274 18.279 7.774 9.101 9.102 9.389 9.390
15.077  18.635 18.640  18.588 18.588 8.270  11.450 11.453  11.014 11.017
15.743  23.068 23.071  20.696 20.695 8.270  12.157 12.159  11.454 11.457
16.540  25.784 25.786  24.595 24.599 8.672  12.410 12.411  11.597 11.597

O © 0O Uk W

35



Table 10

Normalized natural frequencies of a rectangular simply supported BaTiO3/CoFesO,4 composite plate with
the volume fraction of the constituents continuously changing as a function of the thickness coordinate,
and with L;=2.0 m. and L,=1.0 m.

H/L,=0.1 H/L,=0.2
Graded Homog. Graded Homog. Graded Homog. Graded Homog.

1 9.525 9.525 9.747 9.747 7.942 7.942 8.037 8.037
2 28.762 28.762  29.975 29.975 14371 14.371  14.978 14.978
3 50.966 50.966  53.008 53.008  24.968 24.968  25.851 25.851
4 131.186 131.186 128.667 128.668  35.106  35.106  34.648 34.648
5 139.106 139.108 136.634 136.636 41.506  41.507  41.218  41.219
6 246.609 246.610 247.926 247.931  60.022 60.022  61.071 61.073
7 257.523 257.526 254.302 254.305  65.581 65.581  64.887  64.888
8 284.575 284.577 301.077 301.077  T77.387  77.388  81.732 81.732
9 385.240 385.247 380.969 380.975  96.979  96.980  96.124  96.126
10 385.276 385.281 381.014 381.020 97.116  97.117  96.180 96.182
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Table 11

Normalized natural frequencies of a rectangular BaTiO3/CoFesO4 composite plate with the volume fraction
of the constituents continuously changing as a function of the thickness coordinate, and with L,=2.0 m.,
L,=1.0 m, two opposite edges simply supported and the remaining two free.

H/L,=0.1 H/L,=0.2
n=1 n=3 n=1 n=3

Graded Homog. Graded Homog. Graded Homog. Graded Homog.
4.553 4.553 4.595 4.595 3.269 3.269 3.289 3.289
12.685 12.687  12.643 12.647 6.295 6.295 6.328 6.330
12.945 12,945  13.424 13.424 6.525 6.526 6.733 6.733
18.950 18.950  19.238 19.239  12.856 12.856  13.191 13.192
19.025 19.026  19.328 19.330  13.177 13.177  13.399 13.399
25.727  25.727  26.811 26.811  14.130 14.130  14.394 14.395
28.766  28.766  29.978  29.978  14.475 14.475  15.017 15.017
33.132  33.132  33.448  33.451  18.879 18.881  18.977 18.981
38.062  38.067 37.913  37.923  19.562 19.563  20.169  20.169
38.826 38.828 40.251 40.251 21.535 21.536 21.660 21.662
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