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Bogotá, Colombia
gtellez@uniandes.edu.co

Conferencia de posesión como Miembro Correspondiente de la
Academia Colombiana de Ciencias, Exactas, F́ısicas y Naturales, 13

marzo 2013, Bogotá, Colombia.
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Modelos exactamente solubles en f́ısica estad́ıstica

Modelos sobre red: Modelo de Ising 2D (Onsager, 1944),
modelos de hielo, modelos de vertices ...

Modelos de fluidos (2D): plasma de dos componentes, plasma
de un componente.
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Modelos exactamente solubles en f́ısica estad́ıstica

Interés de los modelos solubles:

Sirven como prototipo para entender propiedades generales de
un sistema.

Los resultados exactos dan una base para comparar y validar
teoŕıas aproximadas.

Revelan nuevas e interesantes estructuras matemáticas.

Presentan equivalencias o reformulaciones que permiten
describir distintos sistemas f́ısicos.
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Teoŕıa de campos de sine-Gordon

4 Algunos resultados
En el punto libre Γ = 2
Aproximación de campo medio
Resultados exactos más allá de campo medio y Γ < 2
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Sistemas de Coulomb

Son sistemas compuestos por muchas part́ıculas cargadas
eléctricamente que interactuan entre ellas:

Plasmas
Electrolitos
Coloides estabilizados por carga
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Interacción de Coulomb

Ley de Poisson
∆v(r, r′) = sdδ(r, r′)

Potencial de Coulomb

v(r, r′) =


− ln
|r − r′|

L
, d = 2

1

|r − r′| , d = 3 .
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El plasma de dos componentes bidimensional

Sistema con dos tipos de part́ıculas con cargas opuestas +q, −q.
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El plasma de dos componentes bidimensional

Enerǵıa potencial:

H =
∑

1≤i<j≤N+

q2
+v(r+

i , r
+
j ) +

∑
1≤i<j≤N−

q2
−v(r−i , r

−
j )

+

N+∑
i=1

N−∑
j=1

q+q−v(r+
i , r
−
j )

=
1

2

∫
ρ(r)v(r, r′)ρ(r′) dr dr′ =

1

2
(ρ, vρ)
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F́ısica estad́ıstica

Probabilidad de una configuración e−H/(kBT )

Función de partición gran canónica:

Ξ(T ,V , ζ) =
+∞∑
N+=0

+∞∑
N−=0

ζN+
+ ζ

N−
−

N+!N−!

∫
e−H/(kBT )

N+∏
i=1

dr+
i

N−∏
j=1

dr−j

Termodinámica:

p = kBT∂ ln Ξ/∂V (presión)

U = kBT
2∂ ln Ξ/∂T (enerǵıa interna)

N = ζ∂ ln Ξ/∂ζ (numero de part́ıculas)
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Estabilidad

Constante de acoplamiento

Γ =
q2

kBT
=

enerǵıa electrostática

enerǵıa térmica

El plasma es estable contra el colapso de part́ıculas de signo
opuesto si

Γ < 2 (kBT > 2q2)
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Teoŕıa de campos de sine-Gordon

Invariancia de escala y ecuación de estado

Dilatar las distancias sólo cambia la enerǵıa potencial en un
factor aditivo.

v(Ar,Ar′) = − ln
|r − r′|

L
− lnA

La densidad n solo juega un rol trivial: únicamente da la
escala para medir las distancias.

La dependencia en volumen V de la función de partición se
determina fácilmente, ésta es entonces sólo función de T y de

la combinación zV 1− Γ
4 , con z = ζLΓ/2.

La ecuación de estado es entonces:1

p = kBT

(
1− Γ

4

)
n

1Salzberg, Prager, J. Chem. Phys. 38,2587 (1963).
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El problema inicial es un problema de f́ısica estad́ıstica de
part́ıculas clásicas (no-cuánticas) interactuando entre ellas y
sometidas a agitación térmica a la temperatura T 6= 0.

Este problema es equivalente a un problema de mecánica
cuántica de muchas part́ıculas pero a temperatura T = 0.
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Transformación de Hubbard-Stratonovich

Basándose en la integral gaussiana

〈e(B,φ)〉0 =

∫
dφ e−

1
2

(φ,Aφ)e(B,φ)∫
dφ e−

1
2

(φ,Aφ)
= e

1
2

(B,A−1B) ,

el factor de Boltzmann de la enerǵıa potencial (ρ(r) = densidad de
carga)

H = (ρ, vρ) =

∫
ρ(r)v(r, r′)ρ(r′) drdr′

puede replantearse como el de un gas de part́ıculas independientes
que interactuan con un campo externo fluctuante φ(r),

e−βH = 〈e−iβ
∑

i qiφ(ri )〉0
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El modelo de sine-Gordon

Esto lleva a equivalencia entre el plasma de dos componentes y la
teoŕıa de campos cuántica de sine-Gordon:

Ξ =

∫
Dφ e−S(z)∫
Dφ e−S(0)

con la acción de sine-Gordon

S(z) = −
∫

dr

[
1

16π
φ(r)∆φ(r) + 2z cos(bφ(r))

]
en donde b2 = Γ/4.
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Teoŕıa de campos de sine-Gordon

Contenido

1 Introducción

2 Sistemas de Coulomb

3 El plasma de dos componentes bidimensional
Generalidades
Equivalencia con un problema cuántico
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Teoŕıa de campos clásica de sine-Gordon

A nivel clásico el campo de sine-Gordon debe minimizar la
acción, y satisface la ecuación

∆φ(r) = −16πzb sin(bφ(r))

El campo ψ = −ibφ/q satisface la ecuación de
Poisson–Boltzmann que describe el problema de f́ısica
estad́ıstica inicial en aproximación de campo medio.
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Teoŕıa de campos clásica de sine-Gordon

Si cambiamos las dos dimensiones espaciales por una de espacio y
una de tiempo, la ecuación de sine-Gordon describe, por ejemplo,
un sistema de péndulos acoplados que pueden presentar grandes
oscilaciones transversales
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Ondas de la teoŕıa de sine-Gordon clásica

Solitones y antisolitones

Animaciones:

Georgiev DD, Papaioanou SN, Glazebrook JF. Biomed. Rev 2004 15: 67-75; Georgiev DD. CogPrints ID 3894
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Simetŕıas

Cantidades conservadas en colisiones de ondas de sine-Gordon :

Momentum

Enerǵıa

“Carga” = numero de giros que da la onda
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Teoŕıa de sine-Gordon cuántica

A nivel cuántico, las ondas teoŕıa de sine-Gordon representan
part́ıculas con una enerǵıa (masa en reposo) bien determinada
(cuantificada): 2 3

Solitones y antisolitones de masa M.

Dobletes (“breather”): Estados ligados solitón–antisolitón de
masa

mn = 2M sin

(
nπξ

2

)
; n = 1, 2, · · · < 1/ξ

con ξ = b2/(1− b2).

2Dashen, Hasslacher, Neveu, Phys. Rev. D 12, 3424 (1975).
3Zamolodchikov, Zamolodchikov, Ann. Phys. 120, 253 (1979).
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Termodinámica del plasma de dos componentes

Gran potencial en función de la masa del “breather” más ligero.

1

V
ln Ξ =

m2
1

8 sin(πξ)
.

De alĺı se obtinen las propiedades termodinámicas del plasma de
dos componentes4

Enerǵıa libre

Entroṕıa

Enerǵıa interna y capacidad caloŕıfica

Funciones de correlación

4Šamaj, Travěnec, J. Stat. Phys. 101, 713 (2000).
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El punto fermiónico libre Γ = 2

Cuando Γ = 2, los solitones no interactuan entre ellos: la teoŕıa de
campos es una teoŕıa libre (sin interacción).
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Correcciones de talla finita
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Coulomb Systems Seen as Critical Systems: 
Ideal Conductor Boundaries 

B. Jancov icP  and G.  T611ez ~ 

Received March 27, 1995 

When a classical Coulomb system has macroscopic conducting behavior, its 
grand potential has universal finite-size corrections similar to the ones which 
occur in the free energy of a simple critical system: the massless Gaussian field. 
Here, the Coulomb system is assumed to be confined by walls made of an ideal 
conductor material; this choice corresponds to simple (Dirichlet) boundary 
conditions for the Gaussian field. For a d-dimensional (d~> 2) Coulomb system 
confined in a slab of thickness W, the grand potential (in units of ka T) per unit 
area has the universal term F(d/2)((d)/2dnd/2W a-l. For a two-dimensional 
Coulomb system confined in a disk of radius R, the grand potential (in units of 
kBT) has the universal term (1/6)In R. These results, of general validity, are 
checked on two-dimensional solvable models. 

KEY WORDS: Critical systems; finite-size effects; Coulomb systems; solvable 
models. 

1. I N T R O D U C T I O N  

A classical  C o u l o m b  system is a sys tem of  cha rged  par t ic les  in te rac t ing  

t h r o u g h  the C o u l o m b  poten t ia l ,  p lus  pe rhaps  some  shor t - r ange  in te rac t ion ;  
there  m a y  also be a c o n t i n u o u s  cha rged  backg round .  W e  are  in teres ted  in 

equ i l i b r i um proper t ies ,  and  use classical  (i.e., n o n q u a n t u m )  stat is t ical  

mechanics .  A C o u l o m b  sys tem m a y  have  phase  t ransi t ions;  here  we assume 
the sys tem t o ' b e  in a c o n d u c t i n g  phase.  

In  some  geometr ies ,  it has a l ready  been s h o w n  tl" 2~ tha t  the free energy  

(or  the g r and  po ten t i a l )  o f  a classical  C o u l o m b  sys tem exhibi ts  universa l  
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Superficie con curvatura constante negativa

Journal of Statistical Physics, Vol. 91, Nos. 5/6, 1998

Two-Dimensional Coulomb Systems on a Surface of
Constant Negative Curvature

B. Jancovici' and G. Tgllez2

Received January 27, 1998

We study the equilibrium statistical mechanics of classical two-dimensional
Coulomb systems living on a pseudosphere (an infinite surface of constant
negative curvature). The Coulomb potential created by one point charge exists
and goes to zero at infinity. The pressure can be expanded as a series in integer
powers of the density (the virial expansion). The correlation functions have a
thermodynamic limit, and remarkably that limit is the same one for the
Coulomb interaction and some other interaction law. However, special care is
needed for defining a thermodynamic limit of the free energy density. There are
sum rules expressing the property of perfect screening. These generic properties
can be checked on the Debye-Hiickel approximation, and on two exactly
solvable models, the one-component plasma and the two-component plasma, at
some special temperature.

1. INTRODUCTION

How the properties of a system are affected by the curvature of the space
in which the system lives is a question which arises in general relativity.
This is an incentive for studying simple models.

1 Laboratoire de Physique Theorique et Hautes Energies, Universite de Paris-Sud, F-91405
Orsay Cedex, France (Laboratoire Associe au Centre National de la Recherche Scientifi-
que—URA D0063); e-mail: janco@stat.th.u-psud.fr.

2 Laboratoire de Physique, Ecole Normale Superieure de Lyon, 69364 Lyon Cedex 07, France
(Laboratoire Associe au Centre National de la Recherche Scientifique—URA 1325);
e-mail:gtellez@physique.ens-lyon.fr.

KEY WORDS: Pseudosphere; two-dimensional Coulomb systems; Coulomb
potential; virial expansion; screening; exactly solvable models.
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needed for defining a thermodynamic limit of the free energy density. There are
sum rules expressing the property of perfect screening. These generic properties
can be checked on the Debye-Hiickel approximation, and on two exactly
solvable models, the one-component plasma and the two-component plasma, at
some special temperature.

1. INTRODUCTION

How the properties of a system are affected by the curvature of the space
in which the system lives is a question which arises in general relativity.
This is an incentive for studying simple models.
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In this paper westudy amodel for the sedimentation equilibrium of a charged colloidal suspension:
the two-dimensional two-component plasma in a gravitational field which is exactly solvable at a
special value of the reduced inverse temperature G52. The density profiles are computed. The
heavy particlesaccumulateat thebottom of thecontainer. If thecontainer is high enough, an excess
of light counterions form acloud floating at somealtitude. © 1997 American Institute of Physics.
@S0021-9606~97!50520-4#

I. INTRODUCTION

When colloidal particles are solvated in a polar fluid
they usually release counterions and therefore they acquire
an electric charge. Then, a solution of heavy charges ~the
colloidal particles! and light charges ~the counterions! is ob-
tained. A model of such charged colloidal suspensions in
sedimentation equilibrium based on the local density ap-
proximation has been proposed1 and numerical computations
about that model show that the heavy charges accumulate at
the bottom of the container while the light particles accumu-
late at the top. The suspension behaves like a condenser: a
vertical electric field is induced into the suspension. Also,
several experimental measurements of the densities profiles
in such suspensions have been done.

In this paper we consider a simple model of sedimenta-
tion equilibrium, taking into account only the Coulomb in-
teractions between the particles and the gravitational force
~in particular we neglect excluded volume interactions!,
which is exactly solvable. The model is a two-dimensional
two-component plasma in a gravitational field, that is asys-
tem composed of two species of particles with electric
charges 6q and masses M6 . The Coulomb interaction is
logarithmic in two-dimensions, and the particles are submit-
ted to a uniform vertical gravitational field.

Unfortunately, for themodel to be solvable, the two spe-
cies must have opposite charges which is rather unrealistic.
In a real suspension the colloidal particles have a charge
much bigger ~in absolute value! than the charge of the coun-
terions. However the mass ratio M1 /M2 can be arbitrary.

The two-component plasma model has been solved by
Gaudin2 when the inverse temperatureb verifies
G:5bq252, andmuch work hasbeen donewith that model.
Studying the electrical double layer for the two-component
plasma, Cornu and Jancovici3 introduced a very general
method for treating the two-component plasma in presence
of an external potential. We use here their method to deal
with the gravitational field.

In the following section we present themodel and recall
some results of themethod as given in Ref. 3. In section III,
we solve the model and compute quantities such as the den-

sity profiles and the electric field in the suspension.

II. THE MODEL AND THE GENERAL METHOD OF
RESOLUTION

The model is a two-dimensional system of particles of
charges 6q and massesM6 . The position r of a particle is
represented by its Cartesian coordinates (x,y). The gravita-
tional field is g52gŷ. The particles are in a container of
height h and infinite width. The bottom of the container is at
y50. Thehalf-spaces y,0 and y.h are impenetrable to the
particles. In two dimensions the Coulomb interaction be-
tween two particles at r and r 8 with charges q and q8 is
2qq8ln(ur2r 8u/L), with L some arbitrary length scale. The
interaction of the particles with the gravitational field is

M1g(
i
yi

11M2g(
j
y j

2 , ~2.1!

where yi
6 is the altitude of the i th particle of charge 6q.

Expression ~2.1! can be rewritten as

Meff gS (
i
yi
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j
y j

2D 2qEeffS (
i
yi

12(
j
y j

2D ,
~2.2!

where Meff5(M11M2)/2 and qEeff52(M12M2)g/2.
This shows that the system is equivalent to a system where
all the particles have the same mass Meff but there is an
external electric field Eeff acting on the particles. For this
reason it is useful to define k65bM6g, k05(k11k2)/2,
anddk5k12k2 .

For G>2 a point-particle model is unstable against the
collapse of pairs of particles of opposite charge. To prevent
this collapse we introduce some short range cutoff by repre-
senting the particles as hard discs of diameter R and obtain
results in the small-R limit . In fact, at G52, only the one-
body density diverges, while the n-body correlations
(n>2) have well-defined limits as R→0. From now on we
shall consider that the temperature is such that G52. The
model is solved in the grand canonical ensemble. It is con-
venient to introduce position-dependent rescaled fugacities
that have inverse length dimensions:m6(r )5m0

3 exp(2k6y). The dependence in y of the fugacity accounts
for the interaction of the particles with the external gravita-a!Electronic mail: tellez@stat.th.u-psud.fr
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tional field is g52gŷ. The particles are in a container of
height h and infinite width. The bottom of the container is at
y50. Thehalf-spaces y,0 and y.h are impenetrable to the
particles. In two dimensions the Coulomb interaction be-
tween two particles at r and r 8 with charges q and q8 is
2qq8ln(ur2r 8u/L), with L some arbitrary length scale. The
interaction of the particles with the gravitational field is

M1g(
i
yi

11M2g(
j
y j

2 , ~2.1!

where yi
6 is the altitude of the i th particle of charge 6q.

Expression ~2.1! can be rewritten as

Meff gS (
i
yi

11(
j
y j

2D 2qEeffS (
i
yi

12(
j
y j

2D ,
~2.2!

where Meff5(M11M2)/2 and qEeff52(M12M2)g/2.
This shows that the system is equivalent to a system where
all the particles have the same mass Meff but there is an
external electric field Eeff acting on the particles. For this
reason it is useful to define k65bM6g, k05(k11k2)/2,
anddk5k12k2 .

For G>2 a point-particle model is unstable against the
collapse of pairs of particles of opposite charge. To prevent
this collapse we introduce some short range cutoff by repre-
senting the particles as hard discs of diameter R and obtain
results in the small-R limit . In fact, at G52, only the one-
body density diverges, while the n-body correlations
(n>2) have well-defined limits as R→0. From now on we
shall consider that the temperature is such that G52. The
model is solved in the grand canonical ensemble. It is con-
venient to introduce position-dependent rescaled fugacities
that have inverse length dimensions:m6(r )5m0

3 exp(2k6y). The dependence in y of the fugacity accounts
for the interaction of the particles with the external gravita-a!Electronic mail: tellez@stat.th.u-psud.fr

8572 J. Chem. Phys. 106 (20), 22 May 1997 0021-9606/97/106(20)/8572/7/$10.00 © 1997 American Institute of Physics

Copyright ©2001. All Rights Reserved.

Gabriel Téllez Modelos solubles



Introducción
Sistemas de Coulomb

El plasma de dos componentes bidimensional
Algunos resultados

El plasma de un componente

En el punto libre Γ = 2
Aproximación de campo medio
Resultados exactos más allá de campo medio y Γ < 2
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We study a toy model for electrolytic soap films, the two-dimensional two-
component plasma. This model is exactly solvable for a special value of the
coulombic coupling constant bq2=2. This allows us to compute the disjoining
pressure of a film and to study its stability. We found that the Coulomb
interaction plays an important role in this stability. Also the adhesivity that
measures the attraction of soap anions to the boundaries is very important. For
large adhesivity the film is stable, whereas for small adhesivity a collapse could
occur. We also study the density and correlations in the film. The charge density
near the boundary shows a double layered profile. We show that the charge
correlations verify a certain number of sum rules.

KEY WORDS: Coulomb systems; soap films; disjoining pressure; charge
density; correlations.

1. INTRODUCTION

The theory of exactly solvable models of Coulomb systems is a very
interesting subject. Besides their intrinsic mathematical interest, they have
several relations to other fields like condensed matter physics and quantum
field theory. They are also interesting because they can serve as basic
models for physical systems like electrolytes and plasmas, and provide an
exact solution of the statistical mechanics properties of these systems. For
instance, the problem of the electrical double layer around an electrode has
been successfully modeled by a solvable model of Coulomb system, the two-
dimensional two-component plasma. (1, 2) In this paper we propose and
study a model based on the two-dimensional two-component plasma that
mimics the properties of a soap film.
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Abstract We study the behavior of the two-dimensional two-component plasma in the pres-
ence of some adsorbing impurities. Using a solvable model, we find analytic expressions for
the thermodynamic properties of the plasma such as the n-body densities, the grand po-
tential, and the pressure. We specialize in the case where there are one or two adsorbing
point impurities in the plasma, and in the case where there are one or two parallel adsorbing
lines. In the former case we study the effective interaction between the impurities, due to the
charge redistribution around them. The latter case is a model for electrodes with adsorbing
sticky sites on their surface.

Keywords Coulomb gas · Adsorption sites

1 Introduction

A two-component plasma (TCP) is a system composed of two different types of particles
with charges ±e interacting through a Coulomb potential. In this work, we study a two-
dimensional model which is exactly solvable. The solution of Poisson equation shows that
in two dimensions, the Coulomb interaction between two particles, with charges q1, q2, at a
distance r from each other, is

v(r) = −q1q2 ln(r/L), (1.1)

where L is an irrelevant length scale fixing the zero of the potential.
Let us define the dimensionless coupling constant � = βe2, where β = (kBT )−1, T the

temperature and kB the Boltzmann constant. The coupling constant � is the ratio between
the electrostatic and thermal energy of the particles of the gas. If � < 2, the thermal energy
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Abstract. We determine exactly the short-distance leading behaviour of
the density correlation functions of a two-dimensional two-component charge-
symmetric Coulomb gas composed of point particles, over the whole regime of
stability where the Coulombic coupling β < 2. More generally, we compute
the short-distance behaviour of the effective interaction potential between two
external arbitrary charges Q1 and Q2 immersed in the plasma, for β|Q1| < 2 and
β|Q2| < 2. We also find the short-distance asymptotics of the density profiles
near a single external charge Q immersed in the plasma for β|Q| < 2.
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We derive the general form of the equation of state, in the fugacity format, for the two-
dimensional Coulomb gas. Our results are valid in the conducting phase of the Coulomb
gas, for temperatures above the Kosterlitz–Thouless transition. The derivation of the
equation of state is based on the knowledge of the general form of the short-distance
expansion of the correlation functions of the Coulomb gas. We explicitly compute the
expansion up to order O(ζ 6) in the activity ζ . Our results are in very good agreement
with Monte Carlo simulations at very low density.

KEY WORDS: Coulomb gas; equation of state; sine-Gordon model; exact results

1. INTRODUCTION AND SUMMARY OF RESULTS

The system under consideration is a classical two component Coulomb gas com-
posed of positive and negative particles with charges +1 and −1. The particles
live in a two dimensional plane and they are small impenetrable disks of diameter
σ . The interaction between two charges q and q ′ at a distance r from each other is

v(r ) =
{−qq ′ ln r

L r > σ

+∞ r ≤ σ
(1.1)

where L is an arbitrary length scale fixing the zero of the potential. This is the two
dimensional version of the restricted primitive model for electrolytes. We shall
work using the grand canonical formalism with fugacity λ (dimensions length−2)
and inverse reduced temperature (coulombic coupling) β. The arbitrary length
scale L can be absorbed in the fugacity by defining the rescaled fugacity z = λLβ/2

which has dimensions length(β−4)/2. A dimensionless activity which will prove
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work using the grand canonical formalism with fugacity λ (dimensions length−2)
and inverse reduced temperature (coulombic coupling) β. The arbitrary length
scale L can be absorbed in the fugacity by defining the rescaled fugacity z = λLβ/2

which has dimensions length(β−4)/2. A dimensionless activity which will prove

1 Departamento de Fı́sica, Universidad de Los Andes, A. A. 4976 Bogotá, Colombia; e-mail:
gtellez@uniandes.edu.co
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Abstract The two-dimensional one-component plasma (2dOCP) is a system of N mobile
particles of the same charge q on a surface with a neutralizing background. The Boltzmann
factor of the 2dOCP at temperature T can be expressed as a Vandermonde determinant to
the power Γ = q2/(kBT ). Recent advances in the theory of symmetric and anti-symmetric
Jack polynomials provide an efficient way to expand this power of the Vandermonde in
their monomial basis, allowing the computation of several thermodynamic and structural
properties of the 2dOCP for N values up to 14 and Γ equal to 4, 6 and 8. In this work we
explore two applications of this formalism, to the study of the pair correlation function of
the 2dOCP on the sphere, and the distribution of radial statistics of the 2dOCP in the plane.
Also provided is a finite N approximation to the pair correlation on the sphere, and a sum
rule for the constant term in the large N expansion of the moments of the density in the
plane.

Keywords Coulomb gas · One-component plasma · Jack polynomials · Sum rules

1 Introduction

Generally the two-dimensional one-component plasma (2dOCP) refers to a model in classi-
cal statistical mechanics consisting of N mobile point particles of the same charge q and a
smeared out neutralizing background, confined in a two-dimensional surface. All the charges
(point and continuous) interact via the solution v(�r, �r ′) of the Poisson equation on that sur-
face. For the plane this is

v
(�r, �r ′) = − log

(∣∣�r − �r ′∣∣/L
)
, (1.1)
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