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ABSTRACT

An important concept from theoretical ecology is the “ideal free distribution”
(IFD). This dissertation analyzes the IFD idea from three different perspectives. First,
we start by defining a general class of “suitability” functions, and show that the IFD
is an evolutionarily stable strategy (ESS), and a global optimum point. We introduce
the “replicator dynamics” for the IFD and show that they provide an allocation
strategy that is guaranteed to achieve the IF'D. We show how this allocation strategy
can achieve an IFD for a multizone temperature control problem that corresponds
to achieving the maximum uniform temperature on a grid under a multivariable
saturation constraint. Then, using a bioinspired methodology, we view an animal as
a software agent, the foraging landscape as a spatial layout of temperature zones, and
nutrients as errors between the desired and actual temperatures in the zones. Using
foraging theory, we define a decision strategy for the agent that has an objective of
reducing the temperature errors in order to track a desired temperature. We show
that the use of multiple agents defines a distributed controller that can equilibrate
the temperatures in the zones in spite of interzone, ambient, and network effects.
Finally, a model of honey bee social foraging is introduced to create an algorithm
that solves a class of optimal resource allocation problems. We prove that if several

such algorithms compete in the same problem domain, the strategy they use is an
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ESS but for finite populations. Moreover, for a single or multiple hives we prove that

the allocation strategy is globally optimal.
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CHAPTER 1

INTRODUCTION

1.1 Problem Statement

The concept of ideal free distribution (IFD) was originally introduced in [1]. For
many years, this concept has been used to analyze how animals distribute themselves
across different habitats. These habitats have different characteristics (e.g., one habi-
tat might have a higher nutrient input rate than another), but animals tend to reach
an equilibrium point where each has the same correlate of fitness (e.g., consumption
rate). The term “ideal” means that the animals can perfectly sense the quality of
all habitats and seek to maximize the suitability of the habitat they are in, and the
term “free” means that the animals can go to any habitat. In [2, 3] the authors sur-
vey the various extensions to the IFD (e.g., the interference model [4] and standing
crop idea [5]), and overview the experimental biological evidence that supports these
models. In this dissertation we study three different cases where the IFD is achieved,
and we provide analytical methods to study this important concept from theoretical

ecology as well as some engineering applications.



1.2 Thesis Summary

The dissertation is divided in three main parts. In Chapter 2 we extend the
theory of the IFD by providing methods to analytically find the distribution for a
relatively general class of “suitability” functions. We show that the resulting IFD is
a Nash equilibrium and an evolutionarily stable strategy (ESS). Moreover, we show
that for a certain cost function it is a global optimum point. We introduce the
“replicator dynamics” for the IFD and show that they provide an allocation strategy
that is guaranteed to achieve the IFD. Finally, we show how this allocation strategy
can achieve an IFD for a multizone temperature control problem that corresponds
to achieving the maximum uniform temperature on a grid under a multivariable
saturation constraint.

Models from behavioral ecology, specifically foraging theory, are used to describe
the decisions an animal forager must make in order to maximize its rate of energy
gain and thereby improve its survival probability. Using a bioinspired methodology, in
Chapter 3 we view an animal as a software agent, the foraging landscape as a spatial
layout of temperature zones, and nutrients as errors between the desired and actual
temperatures in the zones. Then, using foraging theory, we define a decision strategy
for the agent that has an objective of reducing the temperature errors in order to track
a desired temperature. We describe an implementation of a multizone temperature
experiment, and show that the use of multiple agents defines a distributed controller
that can equilibrate the temperatures in the zones in spite of interzone, ambient, and
network effects. We discuss relations to ideas from theoretical ecology, and identify a

number of promising research directions.



Finally, in Chapter 4, a model of honey bee social foraging is introduced to create
an algorithm that solves a class of optimal resource allocation problems. We prove
that if several such algorithms (“hives”) compete in the same problem domain, the
strategy they use is a Nash equilibirium and an evolutionarily stable strategy. More-
over, for a single or multiple hives we prove that the allocation strategy is globally
optimal. To illustrate the practical utility of the theoretical results and algorithm we
show how it can solve a dynamic voltage allocation problem to achieve a maximum

uniformly elevated temperature in an interconnected grid of temperature zones.



CHAPTER 2

OPTIMALITY, STABILITY, AND ALLOCATION
STRATEGIES FOR THE IDEAL FREE DISTRIBUTION

2.1 Introduction

We start our dissertation by studying the IFD for a general class of correlates of
fitness called suitability functions. This general class of suitability functions covers
the ones studied in [6, 7] for the “continuous-input” model, and also includes the case
of “interference” [4, 7, 8]. We also study a suitability function studied in [1]. For these
suitability functions, we prove the equivalence of the habitat [6, 7] and input matching
rules [4, 9], an equivalence only previously recognized to hold for one special class of
suitability functions [4, 2]. We introduce the concept of an individual animal with a
fitness and explain the type of equivalences that hold between habitat suitability and
individual animal fitness equalization. Then we show that the treatment of a more
general class of suitability functions allows us to characterize and analyze the “ideal
dominance distribution” [1], something that has not been done in the literature to
date [3]. Next, we explain how the IFD is a Nash equilibrium and an evolutionarily
stable strategy (ESS) [10] for the case of a “game against the field” [11] for our ex-

panded set of suitability functions. This means that in a large population of animals,

4



whose mean population strategy is an IFD, no mutant animal strategy can invade
the population. While this means that the IFD is locally optimal in a game-theoretic
sense (i.e., unilateral strategy deviations by a single animal are not profitable for that
animal), here we show that the IFD possesses much stronger optimality properties.
We show how to model a group of animals all simultaneously seeking to maximize
their fitness as a “minimax” optimization problem. For this problem, we prove that
the IFD is a global optimum point. This means that even if an arbitrary number
of animals deviate so that the distribution is not an IFD, then there can be an ar-
bitrary number of animals who need to change strategies to maximize their fitness.
Moreover, it means that there is no other animal distribution where all the animals
can simultaneously maximize their fitness. Our results bear some relationships to
the work in [12] but here we consider a different (and more generic) class of suit-
ability functions, and a “nonlinear” game against the field. Finally, we study how
evolutionary dynamics can represent the animal allocation process over long time
periods. In particular, we introduce the “replicator dynamics” [13] for the animal
distribution “population game” [14, 15] and show how it relates to a steepest descent
allocation strategy. For this model, natural selection according to differential fitness
is the mechanism underlying the animal allocation and animal strategy mutations
are represented by perturbations in the population “strategy mix” [14]. We show
that the IFD is an equilibrium of the replicator dynamics, and via Lyapunov stability
analysis show that the IFD is asymptotically stable for our general class of suitability
functions (thereby extending earlier such analysis [13, 14, 15]). This means that the
population will recover from perturbations (mutations) off the IFD equilibrium and
the population’s strategy mix dynamics eliminate mutants that are different from the

5



IFD so that evolution leads to the maintenance of an IFD strategy. We show one case
where the IFD is exponentially stable so that mutant rejection is fast, and relate the
size of the population to the rate of rejection of mutant strategies.

In the last section of this chapter we use the theory to solve a challenging en-
gineering problem that involves achieving temperature control for multiple zones of
a planar temperature grid, in spite of limited current available to drive the heaters
and significant ambient and inter-zone effects. This problem can be seen as a dis-
tributed multivariable “dynamic resource allocation” problem because we want to
split some quantity (current or voltage) that we have a limited amount of, and ded-
icate appropriate proportions of it to optimize some quantity of interest (quality of
regulation). The allocations are inputs to a dynamical system and its response deter-
mines the quality of the allocation. The control goal could be a standard regulation
or tracking objective (e.g., making all zones have the same given temperature), or a
nontraditional objective like reaching the maximum uniform temperature across the
entire grid. Control goals like these arise in the context of a variety of commercial
applications (e.g., building temperature control) industrial systems. For instance,
in semiconductor processing, one challenge is to achieve a uniform temperature on
a plate [16]. Others [17] study distributed control of wafer temperature via multi-
zone rapid thermal processing systems. In related work, the authors of [18] describe
a multizone space heating system that maintains a desired temperature in different
zones. Another application where the type of multizone temperature control that we
study is very important is in personal computers. In [19], the author describes several
current strategies used to solve this problem. In addition to such strategies, several
other methods are currently available for distributed control design when set-point

6



regulation or tracking is the objective objective. For instance, in [20] the authors
show how systems with a spatial interconnection topology can be controlled using
conditions that can be expressed as linear matrix inequalities.

Unlike the work outlined above, we seek to confront the problem of the allocation
of a limited amount of current (a multivariable saturation nonlinearity) in order to
achieve a maximum uniform temperature on a planar grid, which is a true dynamic
resource allocation problem. Dynamic resource allocation problems are found in a
variety of applications beyond temperature control and are currently one of the most
important challenges in the control systems area [21]. Current work on allocation
for dynamical systems has its roots in the extensive literature that focuses on solv-
ing “static” resource allocation problems in optimization theory [22]. Unfortunately
such methods do not directly apply to a dynamic resource allocation problem like
the one we are confronting since they neither consider feedback-based allocation nor
simultaneous constraints involving differential equations, equalities, and inequalities.
An excellent example of innovative work in resource allocation for dynamical sys-
tems is found in [23] where the authors define a model for an air-jet system that
describes the relationship between macro and micro-level forces, and derive dynamic
allocations that can be mapped to, and configured for, different levels in a control hi-
erarchy. Three other examples of dynamic resource allocation challenges are provided
in [24], one for scheduling, one for temperature control, and the other for levitating
balls in tubes (a university educational experiment). Here, we show how to apply the
IFD strategy described in Section 2.5 to simultaneously satisfy current limitations and

try to minimize energy use for a version of the planar temperature control problem



in [24]. We provide data from an experimental testbed to demonstrate the dynami-
cal behavior and effectiveness of the method, particularly for achieving disturbance
rejection. In this way, we show one case where the IFD theoretical framework we
establish in this chapter can be used to provide a methodology to design strategies
for dynamic resource allocation. Due to the generic nature of the theory we developed
in this chapter it is likely that other applications can follow (e.g., for other applica-
tions in dynamic resource allocation see [24], or for potential uses of the IFD in other

engineering applications see [25, 26]).
2.2 The Ideal Free Distribution

Suppose that there is a set H = {1,2,..., N} of N disjoint habitats in an envi-
ronment that are indexed by ¢ = 1,2,..., N. Let the continuous variable z;(t) € R,
be the amount of animals in the 7" habitat at time ¢ > 0, where R, = [0, 00). Let
x = [r1,29,...,2x5]" € RY. Suppose that Zjvzl x; = P, where P > 0 is a constant
for all time ¢, i.e., the amount of animals in the environment is constant. We say that

a habitat ¢ is truncated if z; = 0, and is inhabited if z; > 0 for some ¢ = 1,2, ..., N.
2.2.1 A General Class of Suitability Functions

Suppose that b; > 0, is a constant that we sometimes interpret as a fixed number
of resident animals in the " habitat, and ¢; > 0 is a constant associated with the
it" habitat. Assume that Zjvzl aj > 0 and a; > 0 for all ¢+ = 1,2,...,N. Let
H*={ie H:a; >0} soje H— H*have aj =0. Let m > 0 be a constant. Let s;

be the suitability function for the i** habitat, and in this case it is defined as

a;
= 2.1

8



In the literature, the most common function that has been used to describe the
“continuous-input model” [2, 3] is a function that assumes that b; = 0, and ¢; = m =
1, so

a;

= — 2.2
s= 22)

Then, if a; is in nutrients per second, % is each animal’s consumption rate at habitat
1. This suitability is typically assumed to be a correlate of Darwinian fitness so
sometimes it is called the fitness of an animal at habitat . In this case, it is said
that animals distribute in a way that they all achieve equal fitness. Below, in Section
2.2.4 we will derive an explicit relationship between habitat suitability and individual
animal fitness for the general case since strictly speaking these two are different.
In any case, the IFD is achieved via a sequential allocation process that places more
(fewer) animals in higher (lower, respectively) suitability habitats until the suitability
functions and fitnesses equalize at the IFD. That is, the IFD is achieved via a process
where each animal simultaneously maximizes its own fitness.

Another popular suitability function found in the literature is the one that de-
scribes the “interference model” [4, 7, 8]. For it, in (2.1) let ¢; = 1 and b; = 0,
SO

i = — (2.3)

Notice that in the case of (2.3), if we use the fact that at the IFD all the habitats
will end up with the same suitability, then we can transform the interference model
into a suitability function that looks like the standard one in (2.2) by taking the m'*

root on the right-hand-side of (2.3). In this case, we will end up with a suitability



3k

a

function of the form s; = =——. The animals will achieve an IFD, but they will not be

x;

able to determine precisely the quality of each habitat if they do not know m.

Since Equation (2.1) is more general than the ones in (2.2) and (2.3), our analysis
is based on (2.1). The analysis starts by studying the habitat and input matching
rules [6, 7, 9, 4]. Then, we define the ideal dominance distribution (IDD), and finally
we define the idea of individual animal fitness equalization that will be useful for the

game-theoretic and optimality analysis of the IFD.

2.2.2 Habitat and Input Matching Rules

The “habitat matching rule” [6, 7] says that at the IFD, the animals will distribute

so that for each 7,7 € H*,
a;(cjz; +b;)" = a;(ciz; + b)™ (2.4)

Since all the terms in (2.4) are positive, we can write this equation as

1

a;" (¢;; + bj) = af"

3=

(cix; + b;)

which is equivalent to

3=

Cx; + bz a

Cj[Ej + bj a

a

MS‘H

If we assume that ¢; is a scaling factor, and that b; is the number of fixed animals in
the " habitat, we can say that what we have is the relative proportion of animals
between two different habitats should be equal to some scaled relative proportion of
the quality between the same habitats. Equation (2.4) can also be written as

L 1
m m
a; a;

le'j + bj - C;T; + bZ

10



So for the rest of our analysis, we assume that the suitability function in (2.1) is

written as
1
m
a;

= - 2-5

Si

For (2.2), the habitat matching rule simply says that nutrient consumption rates are
equal at all habitats.
Another common approach to characterize the IFD is to use the “input matching

rule” [4, 9] which says the animals distribute so that for all i € H*,

1

ciri + b a
K . (2.6)
2= Gt SN g

This equation can be written as

1 1
N
m R m
ai Z]:l aj

i+ b Z;VZI cjxj +b;

Notice that for (2.2) what we obtain is that the overall consumption rate in the
environment, characterized by the right-hand-side of this equation (with ¢; =m =1,
and b; = 0) has to be equal to the consumption rate in any single habitat. The IFD

is achieved via a sequential allocation process that places more animals in habitats

N
D =105

N
=1

and raises the suitability of other habitats for animals there. Note that (2.2) is also

that have s; > which lowers the suitability of habitat ¢ for each animal there

equivalent to
N
-1 e o Zj:l L
i ] N
i Zj:l aj

for ¢ € H*. The right-hand-side of this equation is the total number of animals in
the environment divided by the total number of nutrients arriving per second. At

the IFD, the animals are distributed so that no matter which habitat they are at,

11



they get the same amount of nutrients. In this case, we can view the IFD as being

N
achieved via the sequential allocation of animals to habitats with s; ! < Ziv;lz”
j=1%j

Since both Equations (2.4) and (2.6) are going to be used extensively in our

analysis, we provide a proof of their equivalence in the next theorem?!.

1
Theorem 2.2.1 Assume that Zfil r; = P >0, Zf\il a” > 0, ¢;,m > 0, and
a;j,b; > 0 fori =1,2,...,N. The habitat and input matching rules are equivalent
characterizations of the IFD in that for a given set of a;, b;, ¢;, m, the x;, i =

1,2,..., N are the same for either rule.

Remark: There is another type of suitability function, that is similar to the one
in [1]. Let b; be the basic suitability of the " habitat, and let 1 (z;) be a function
such that as x; increases, ¥(x;) also increases, but the suitability decreases. We can

write then the suitability as
si = b —(xy) (2.7)
One possible ¥ (z;) function is
() = ¢
where ¢; > 0. In this case, the habitat matching rule is satisfied when the suitabilities

for two different habitats i, j are equal, so
b,’ — CiI; = bj — Cjﬂ?j (28)

The input matching rule is in this case

: S (2.9)

N b, N 1
ijl (é - xj) Zj:l ¢

'Proofs of all theorems are in the Appendix.
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As before, the equivalence between Equations (2.8) and (2.9) can be proved using the

same 1deas as in Theorem 2.2.1.
2.2.3 1Ideal Free and Dominance Distributions

The ideal dominance distribution (IDD) concept introduced in [1] comes from
a type of relaxation of the “free” assumption of the IFD. The basic idea is that,
assuming that all individuals are not equally aggressive, if there are new individuals
arriving, then it will be more difficult for these “unsettled” individuals to access any
habitat dominated by current residents. Thus, the unsettled individuals will end up
in habitats that might not optimize their fitness compared to the case where they
were the first arrivals.

The IDD can be interpreted via sequential settling of species of animals at IFDs.
Suppose that we have N species who are arriving sequentially into the environment.
We assume that the index k = 1,2,..., N, represents the arrival and settling at the
IFD for each of these species. Let ¢ = 1,2,..., N, be each of the N habitats that can
be chosen for the distribution of each species. Let af be the input rate for habitat
i when the species k is settling. Let z¥ be the number of animals of species k at

habitat i. Then, 27! is the fixed number of individuals that settled down in habitat

0

i, where 7} = 0 (i.e., only the first species will distribute in such a way that there
is no interference with animals that are already settled in a particular habitat). Let
c¥ > 0 and m* > 0 be constants associated with the k' species. Let P* be the
total number of animals associated with the k' species. For each species arrival the
individuals want to settle down in the best available habitat by maximizing fitness.

The suitability function that each species uses to determine which is the best habitat,

13



is defined as

k\ —%
k_ (a;)m
Si - ckxk +$k_1 (210)

with the constraint Zjvzl xf = P* for all k. Equation (2.10) defines a nonlinear
difference equation for the distribution of subsequent species. If P¥ > 0 is such that
P = 25:1 P*¥ — 0o as N and k — oo then for some finite &’ > 0 no habitat will be
truncated. Since the parameter m skews the distribution it will change the &’ such
that truncation first disappears in an IDD.

The question that arises is: can we know the final value for each species in any
habitat? Notice that (2.10) is similar to (2.5), with a slight change in the variables.
Thus, the distribution of the individuals will be given by the IFD for this specific case.
The next theorem shows how to find the distribution representing the IFD for the
suitability functions as defined in (2.5) (or (2.10)). It gives a solution for the IFD for
a general class of suitability functions (not available in the literature) and a solution

to (2.10) (when for each species k we have that z¥~' = ;) so that the IDD can be

found for any number of species N that sequentially arrive at the environment.

Theorem 2.2.2 Fort=1,2,...,N, the point

1 1

a‘im P am N bj b: N a
=D DA P

ci c; =1 ¢; ci j=1 ¢;

af =2 i ¢ : (2.11)

N
ZjZI cj

is the IFD for the suitability function defined in (2.5), whenever P satisfies

3

8
Bl

o N ai N oy
Pz isison ) 2 Z c; Z C: (2.12)
a;” j=1 7 j=17
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If (2.12) is not satisfied, and without (significant) loss of generality we assume that

1 1 1

% > % > ... > %, the IFD s given by
1 1 =
a” o™ Kt b bk 4"
* R kiR S TP
= A (2.13)
i, o
0 i=k+1,k+2,....N
where 1
1 N af*
ar > - ¢
k* = argmax < k : bi #ij (2.14)
k P + Zj:l é

Notice that whenever (2.12) is satisfied with strict inequality, 27 > 0, which implies
that all the habitats end up inhabited. Also, notice that £* is given by analyzing the
values of the suitability functions when x; = 0. It is clear that if P is big enough,
then the right-hand-side of the inequality in (2.14) becomes almost 0, and hence all

habitats will end up inhabited.
2.2.4 Individual Animal Fitness Equalization

Normally, the number of habitats N, the a;, b;, ¢;, m, i =1,2,..., N, and P > 0
are given. Then, the x;,7 = 1,2,..., N, must be found that achieve the IFD via (2.6).
Problems with existence of the IFD can arise, however, if x; is the number of animals
since in that case it is natural to assume that z; is discrete. For example, assume that
x; € {0,1,2,...}. In this case, the IFD may not exist (e.g.,if P=7, N =2, m =1,
a; = 0.1, by = by =0, ¢c; = cg =1 and ay = 0.2, then (2.6) cannot be satisfied).
But, if the P, a;, b;, ¢;, m, and N have appropriate values, Equation (2.6) can be
satisfied. The standard approach to cope with this problem is to assume that there
is a large enough number of animals so that it is a good approximation to consider z;

to vary continuously. We will take this same approach so we are assured that an IFD
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exists. But, with x; continuous we lose the ability to distinguish between individual
animals. In this framework it is, however, still possible to introduce a limited notion
of an individual. This will allow us to assign each individual a fitness and then
clearly relate equalization of habitat suitabilities to equalization of individual animal
fitnesses. Moreover, our concept of an individual is critical to modeling the IFD as
a game between many individuals in Section 2.3.1, showing how individuals’ fitness
maximization objective leads to an IFD, and relating this to optimality formulations
for the IFD.

To introduce the concept of an individual, assume that each animal is identical
and represented by some arbitrarily small €, > 0 so that there is an arbitrarily large

(integer) number n > 0 of animals in the environment, where
ne, = P

and

b; = bie,
with b; > 0 being the integer fixed number of resident animals in the %" habitat. Then,

if n; > 0 is the (integer) number of animals at habitat 4, Zjvzl nj =n, T; = n;e;, and

the IFD in (2.6) is achieved when for all i =1,2,... N,

lemitb) | (emtb) _er (2.15)

S ealemy+b) S (emy +by) SN ar

J

which has been another interpretation of the IFD in the literature (e.g., in [1, 3]) for
the case b; = 0, ¢; = m = 1. Notice that for an arbitrary P and b;, in order to ensure

the existence of the IFD we need to have an arbitrarily small positive value €.

Given the concept of an individual animal €, > 0 at habitat 7,1 =1,2,..., N, we
1
define this animal’s fitness as f(i) = CZ+B In the case when b; =0, ¢c; =m =1, if

16



a; is nutrients per second, f(7) is the number of nutrients per second that an animal
gets at habitat ¢. This choice is consistent with the results in [7], which show other

ways to relate fitness and suitability. Notice that

1

1 1 1

a’™ a’™ al™
— = =€, L —¢, L 2.16
cng + bl 633(01'7% + bl> T + bz ( )

fi) =

Notice that if we use the suitability function in (2.2) we have

a; a; a;
fl)=—"=e—— =€,— = €8
n; ExNy €

so that individual animal fitness is indeed a correlate of habitat suitability. Clearly,
however, even though they are linearly related, habitat suitability is not the same as
individual animal fitness. Moreover, if a;,b;,¢; > 0 and x; > 0, ¢ =1,2,..., N, then
equalization of habitat suitability (i.e., s; = s;, 4,5 = 1,2,...,N) is equivalent to
equalization of animal fitness (i.e., f(i) = f(j), 4,7 = 1,2,..., N). The equivalence
characterized by Theorem 2.2.1 holds for the fitness of all individuals at any habitat
je H”.

Remark: For the suitability function defined in (2.7), if we let b; be the integer
number of fixed resident animals that we have in the ¥ habitat. Let also €, be some

arbitrarily small positive value, such that

where n; is an arbitrarily large integer number of animals in the i** habitat. Then,

we can define the animal fitness as

f(i) =b; — cin; = ,i(bz — ;) (2.17)

€x
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2.3 Game-Theoretic and Optimality Properties of the IFD

In this section, first we define the basic concepts of evolutionary game-theory in
order to prove that the IFD is indeed an evolutionarily stable strategy (ESS). Then, in
order to extend this result, we model the IFD achievement as solving an optimization

problem, and we prove that the IFD is a global optimum point.
2.3.1 Nash Equilibria and Evolutionarily Stable Strategies

In this and the next section, to use a game-theoretic perspective we view each
“player” as an individual animal that makes strategy choices to maximize its payoft,
which is fitness. A Nash equilibrium is a set of animal strategy choices such that any
unilateral deviation by any animal from its strategy choice will not be better for that
animal [27]. The standard definition for an evolutionarily stable strategy (ESS) is a
strategy such that no “mutant” can invade a population of members (“incumbents”)
who use this strategy [10]. The classical ESS idea is based on a two-player game
where incumbents either play other incumbents or mutants (and vice versa). These
players are drawn from an infinite population. There is an extension of this ESS
concept that is called a “game against the field” where the success of each individual
does not depend on a single opponent, but instead depends on the strategies of all
other members of the population (see [11], page 23).

Let f(z,P;) be the fitness of a single Z-strategist in a population (set) of y-
strategists that we denote by ;. We will say that Z is an ESS if both of the following

two conditions hold [11]:
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1. Forall gy # 7

f(@, P:) < f(z, Ps) (2.18)

and

2. For any y # z, if f(y, Pz) = f(&, Pz), then for a small ¢ > 0,

f(y, Py,) < f(2,F,) (2.19)

where f(7, Py,) is defined as the fitness of a g-strategist in a population consisting of
individuals playing the strategy y, = qy + (1 — ¢q)z.

The first condition means that z is a Nash equilibrium, since no mutant strategy
9 does better than the incumbent strategy z, and usually this condition is called the
“equilibrium condition” [14]. The second condition states that if the mutant strategy
i does as well as the incumbent strategy z, then the mutant strategy does not do as
well than the incumbent strategy when they play against a population formed from
both the incumbent and the mutant strategies. This is a variation of what is known

as the “stability condition” [14].
2.3.2 Game-Theoretic Characteristics of the IFD

In this section we characterize the relationships between equilibria in games and
the IFD. In a game-theoretic interpretation of the animal distribution problem each
animal has N pure strategies [27] corresponding to choosing habitat i, =1,2,..., N.
Each animal can only reside in one and only one habitat. Hence, each animal €, has

a strategy of the form



where €, is in the i*" position, i = 1,2,..., N. These strategies can be interpreted
as pure strategies of a polymorphic population [14]. The meaning of “y # z” for
Equations (2.18) and (2.19) is that ¢ can correspond to placement of €, in any habitat
j # i. In the next theorem P; for Equation (2.18) is any population such that all
individuals play a strategy so that the IFD defined by (2.6) is satisfied. Clearly, in
this case, the strategies of individuals in P; are not the same since the animals must

play different strategies to achieve the IFD.

Theorem 2.3.1 If z; is a continuous variable with €, > 0 representing an animal,
then the x;, i =1,2,..., N, given by the IFD in (2.6) are the result of animals using a

(unique, strict) Nash equilibrium strateqy and hence an evolutionarily stable strategy.

The game-theoretic model is developed from the perspective of the individual an-
imals. Theorem 2.3.1 shows that if each individual uses a strategy that maximizes
its own fitness, they will achieve an IFD which is an ESS and hence a Nash strat-
egy. Due to the equivalence of individual fitness equalization and habitat suitability
equalization, Theorem 2.3.1 implies that choices at the individual level lead to habi-
tat suitability equalization across the entire environment. The Nash equilibrium is
often called an “optimal” strategy since no animal can do better by deviating from
the strategy. The only allowed deviations from the IFD in the game-theoretic model
of animal distribution problem correspond to shifting €, from one habitat to another
and this is consistent with the assumption that animals can adopt one of N pure
strategies. This fits with the ESS concept above since this corresponds to a single
“rare” mutation in a population. Clearly if there are certain types of simultaneous

deviations of animals (e.g., by swapping habitats via simultaneous mutations), the
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strict Nash can also be maintained; however, such deviations would require coor-
dination and this is not possible since we are inherently considering a competitive
game-theoretic framework via the Nash concept, and hence also the ESS. In the next
section we will, however, reconsider this assumption.

Finally, we note that while in [11] and other papers it has been pointed out that the
IFD is an ESS, this is to our knowledge the first formal proof of this fact. The value
of the formal proof lies in the treatment of fitness, and it clearly connects individual
fitness maximization to habitat-level suitability equalization. The proof shows that
the IFD is a strict Nash equilibrium so some would consider the animal distribution
game to be unique since most games do not have strict Nash equilibria [15]. Moreover,
the proof shows that the IFD of the animal distribution population game is what is

called a “local ESS” in [14].

2.3.3 Optimality of the IFD

In this section we show how optimization models can represent the animal distri-
bution game and how the IFD is a global optimum point for such a model. Recall
that the animal distribution game assumes that all animals in the population seek
to simultaneously maximize their fitness. Assume that a;,b;,¢; > 0 and z; > 0,
1=1,2,...,N. An optimization model for the animal distribution game is one where

the minimum fitness is maximized. In other words,

. a% a% UJ%
max min € 2 € — N ——

1
€2 Cera1+01)* €2 (camatb2) " @ eyan+on)

subject to Zjvzl ;=P (2.20)

2;>0,i=12... N

The constraints demand that the population size stays constant and that the number
1

of animals at each habitat is non-negative. The terms Em% are the fitnesses
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for any animal that chooses habitat 7, ¢ = 1,2,..., N. Consider a single individual
1 1

m m

€; > 0. If this animal is at habitat 7 and €27 -

i ] Y . . .
ety < € il # i, then it can

move to habitat j (i.e., change strategies). The “max min” represents that multiple

animals simultaneously shift strategies to improve their fitness since at least some
1 1

m

animals with lowest fitness shift habitats (and if €, (c‘Zﬁb_) = € (mgbv
1 Lq 7 W Aadi] J

) for some i
and j the min can be achieved at multiple habitats).
The following theorem shows that the animals choose the IFD in order to maximize

their fitness when everybody else is trying to do the same.

Theorem 2.3.2 The point z* = [x},...,2%|", such that for all i = 1,2,... N,
(with x} defined in Equations (2.13) and (2.14)) is a unique global mazimum point
that solves the optimization problem in (2.20) that represents that each animal simul-

taneously chooses a habitat to maximize its own fitness.

The value of Theorem 2.3.2 is that it shows that the IFD is a global optimum point
for the animal distribution problem. The game-theoretic setting of Section 2.3.2 only
illustrated local optimality in the Nash sense. Theorem 2.3.2 shows that any number
of simultaneous perturbations from the IFD result in possibly many animals incurring
a degradation in fitness. Hence, an arbitrary number of mutants cannot invade the
population. This idea will be studied further in Section 2.4.

Remark: For the case in (2.7) with ¢(z;) = ¢;x;, the idea is again try to maximize
the minimum fitness in the environment. The fitness function in this case is defined
as f(i) = é(bZ — ¢;x;). Without (significant) loss of generality, we assume that all

habitats are ranked in such a way that b; > by > ... > by. Using an approach like in
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Theorem 2.3.2, the optimum point for this case is

E* 1 E* by
bs Zj:l Tj+P_Zj:1 é . l{?*

. LA 1=1,2,...,
r] = 7=t (2.21)

0 i=k*+1,k*+2,....N
with

k* = arg max {k‘ Dby >

2.4 Evolutionary Allocation Dynamics for IFD Achievement

In this section we consider animal allocation dynamics from evolutionary and
decision-making perspectives. We focus on defining allocation dynamics that guar-

antee the achievement of an IFD.
2.4.1 The Replicator Dynamics Model

The replicator dynamics are a simple model of how selection via differential fitness
affects the proportions of animals using different strategies [14, 15, 28]. Here, building
on the game-theoretic formulation in Section 2.3 we show how equilibria of one class
of replicator dynamics are related to the IFD. These are not the standard replicator
dynamics that are developed based on random pairings of two individuals in what
is called a “linear game.” Here, we extend such standard formulations in [13, 14] to
represent our game against the field which is classified as a nonlinear game.

Recall that each animal has IV pure strategies, which correspond to choosing which
habitat to live in for its entire life, and that the number of animals is constant and

Z;.Vzl x; = P for some P > 0 and all ¢ > 0. Let



represent the fraction of individuals in a population of animals playing pure strategy
i, 1 = 1,2,...,N. Clearly p;(t) > 0 for i = 1,2,..., N, and Zjvzlpj = 1 for all
T

t > 0. The vector p = [p1,pa,...,pn] " is the “population state” which represents the

strategy mix of the population [14]. Clearly, p(t) € A for all ¢ > 0, where

A= {p(t) e RY: Zpi(t) = 1}

is the “constraint set” (simplex) that defines a subset of the state space. The vector
x(t) = [x1,29,...,2n]" lies in the simplex A,, where A, = {z(t) € RY : SN =
P}.

The replicator dynamics assume continuously mixed generations and are given by
% = (; [{fitness of animals that play i € H} — {average fitness in population}]
(2.22)
where 3; > 0 are proportionality constants, ¢ = 1,2,..., N. The left-hand-side of
(2.22) is the normalized rate of increase in the population share playing strategy i.
The right-hand-side of (2.22) indicates that if i-strategists are more successful (less
successful) than the average, their population share will increase (decrease, respec-
tively).
The replicator dynamics generally describe the evolution of the state of the pop-

ulation p. Note, however, in the case where the players only have pure strategies

1 € H, the mean population strategy is

N
sz’ei =p
i=1

where e¢; = [0,...,1,...,0]", a vector with a 1 in the i'* position, represents the

pure strategy ¢ € H. This means that the population state is the mean population
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strategy. Hence, we can think of the replicator dynamics as representing the evolution
of the IFD strategy by the process of natural selection.
In this specific case, we have defined the fitness of animals that play ¢ € H in

(2.22) at time t as (2.16), i.e.,

UGk exCisz' +b;

where €, > 0 and the average fitness (of a randomly selected individual from the

population) is

Hence, the replicator dynamics are

pi = Bipi (f(i) = f) (2.23)

or
1 1

N 1
m .qm
a; Pja;

_— — =S 2.24
Cszz + bz e Cijj + bj ( )

Di = Bi€xpi

with 3; > 0 for all i = 1,2,..., N, when p(0) € A. Notice that f(i) — f measures
the deviation from the IFD as quantified by the habitat matching rule (after some
mathematical manipulation). The replicator dynamics for our population game are
in the form of “monotone selection dynamics” [14]. The monotone selection dynamics
in [14], p. 88, show what is essential to set up a replicator dynamics so that A is

invariant. Notice that when s; is defined as in (2.2), the average payoff f is constant.
2.4.2 Constraint Set Invariance for the Replicator Dynamics

First, we specify conditions under which (2.24) can be satisfied at the same time

that the constraints Zjvzl pj = land p; > 0,7 =1,2,..., N are satisfied. This is
25



essential since we are only interested in solutions to (2.24) that satisfy the appropriate

constraints.

Theorem 2.4.1 The system in (2.24) satisfies the constraint p(t) € A, for all t > 0

if and only if B; = B;, 1,7 =1,2,...,N, and p(0) € A.

This shows that the rate of increase or decrease in proportions of the strategies must
be the same in order for the ordinary differential equation describing the replicator
dynamics to satisfy the constraints of Z;\le pj=1,p,>0,1=1,2,...,N. A special

case of this result is the following theorem which is from [14].

Theorem 2.4.2 If 3, =3, = foralli,j =1,2,...,N, and p(0) € A, thenp € A

for allt >0 (i.e., A is invariant with respect to (2.23)).

To ensure that the constraint set A is satisfied in all that follows we assume that

Bi:ﬁjaiajzlaza"w]\['
2.4.3 Stability Analysis of the IFD

First, we need to find the equilibrium point in (2.24). We assume in the following
analysis that p;(t) € A — 0A for all ¢ > 0, i.e., we are working strictly inside the
simplex. If we set p; = 0, we get

1 N " L
a™ p.am
0=0epf | —2—— — 73

ﬁ p; csz;“-l—bl = Cij;k‘i‘bJ

where p is the equilibrium point. Since we are working inside the simplex p; # 0, so

we have
1 1
m N * om
m . .
a; D;a;

CZIDP;'< -+ bz ) ijp;f + bj

26



This equation has to be valid for all ¢ = 1,2,..., N, hence for any ¢, we obtain

1 1

m m
a; a;

which is the habitat matching rule in (2.4) but in p-coordinates. In Theorem 2.2.2 we
have shown that this equilibrium point is given by (2.11) in z-coordinates, whenever
P satisfies (2.12) with strict inequality.

Note that, for (2.2), when we try to find this equilibrium point, if p; # 0 the
solution would be f(i) = f, which means that the consumption rate in each habitat
i has to be equal to the overall consumption rate (in this case this one is described

by f) at the IFD equilibrium. Otherwise, the strategy mix of the population will

continue to change.

Theorem 2.4.3 For the replicator dynamics in (2.24), the IFD equilibrium given
by p* = % (where x* is defined in (2.11)) is asymptotically stable, with region of

asymptotic stability A — OA.

Theorem 2.4.3 is a “semiglobal” result which means that if the population state
perturbs from the IFD to a point within some set, then the population state will
return to the IFD. Note that under the game-theoretic interpretation, only a special
type of perturbation is allowed: perturbations correspond to a single animal €, > 0
switching to another strategy where €, is arbitrarily small. Theorem 2.4.3 includes
this strategy perturbation as a special case so it applies to the game-theoretic setting.
What does it mean for the population state to “return” to the IFD? If any animal
switches habitats, then the mechanisms of reproduction via differential fitness will
always shift the animal distribution back to the IFD. The shift of animal €, will result
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in more deaths in its new habitat and correspondingly more births in the habitat it
shifted from.

In [13, 14] it was shown that any ESS for a two-player game must be an asymp-
totically stable equilibrium in the replicator dynamics defined for that type of game,
but that there could exist asymptotically stable equilibria that are not ESS. For our
replicator dynamics for the game against the field, the above results show that there
is one unique equilibrium strictly inside the simplex, that this equilibrium is the IFD
(which we showed was an ESS in Section 2.3), and that the IFD is asymptotically
stable (or exponentially stable for the standard suitability function in (2.2)).

Remark: For the case of (2.7) with ¢(x;) = ¢;x;, we can define the replicator

dynamics as before. Since the fitness function for this case is defined as f(i) =

ol

(b; — ¢;x;), we have the following ODE that represents the replicator dynamics.

N
1
Pi =P e (( ¢ipi) jzlpj( j Cﬂ%)) (2.25)
The stability proof for this case is similar to the one for (2.24).

2.4.4 Allocation Dynamics: Gradient Optimization Perspec-
tive

Related work has been done via the study of the Shahshahani gradient [14] and
for linear games in [12].

Consider the cost function

(% - %)2 (2.26)
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where 2} is defined in (2.11), and Zjvzl x; = P. Note that (2.26) measures the
deviation off the IFD defined by (2.6). The following theorem shows that minimization

of J, results in an IFD.

Theorem 2.4.4 The point z} in (2.11) is a global minimizer for the constrained

optimization problem defined as

. . . 1 N R o 2
minimize J = 3 Zi:l (% — F)
subject to Z;VZI z; =P (2.27)

z; >0, +=1,2,...,N

where x} is defined in (2.11), when P is satisfied with strict inequality in (2.12).

Next, suppose that a steepest descent method is used in animal reallocation so

that
oJ
t; = — AP 2.28
& o (2.28)
where A > 0 is a “step-size” parameter. Note that if we let b; = 0, and choose
1
A= Be, 30| 2, Equation (2.28) is
J
1 %
i s ﬁ: iy N (2.29)
T, = — | Pes — e ——— )
=1 G P ﬁ

N a]
Zj:l ¢

These allocation dynamics are equivalent to the replicator dynamics in (2.24). If in
1

(2.23) we take f(i) = ex:_’i—z, then the replicator dynamics in (2.24) are the same as
in (2.29). Hence, we know that the constraint Zjvzl x; = P is met for all t > 0.

Moreover, for the optimal allocation dynamics the following result holds.

Theorem 2.4.5 The optimal allocation dynamics in (2.29) have the IFD as an equi-
librium and it has a region of exponential stability given by A, — 0A,.
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Hence, the allocation strategy will not get “stuck” and will result in a distribution
of effort that converges to the IFD. Convergence is achieved independent of where
the effort distribution starts. Equation (2.28) and the proof illustrate that if P
is small (big) we will have a faster (slower) convergence rate. Also, notice that
there is a critical difference compared to the strict Nash equilibrium and replicator
dynamics viewpoint. Perturbations for the game-theoretic formulation are due to a
single animal €, > 0 switching habitats, and the replicator dynamics are built upon
that perspective. With the optimal allocation perspective, any perturbation is allowed
(i.e., any initial condition corresponding to the initial animal effort distribution must

be possible), even ones that are not small perturbations €, > 0.

2.5 Multizone Temperature Control Application

Here, to illustrate the theoretical results shown in the previous sections, we con-
sider a multizone temperature control problem that has a voltage saturation con-
straint [24]. The experiment consists of N = 4 zones, where each zone consists of
one lamp with voltage input v;(¢) and one sensor that provides the temperature T;(t),
t > 0. The idea of this experiment is to use the replicator dynamics in (2.24) to reach
a maximum uniform temperature in each of the zones (it is important to note that
this is not a standard tracking problem since the maximum achievable temperature
is not known). For that, we assume that ¢, = c¢; =m =5b, = 3 = 1.

Equation (2.24) has two main variables: the proportion of the number of animals
in habitat i, p;, and the arrival rate a; for the ¥ habitat. In the previous analysis,
the a; values were positive constants, however, these arrival rates could vary with

time. Suppose we define each arrival rate to be the inverse of the temperature sensed
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_,vj(t) = P > 0is the
total amount of voltage that can be applied to all zones. For our lamps, v;(t) > 0,
t > 0, and this fits with the assumptions on z;(¢) in the theory. For a given v;(0),
the replicator dynamics indicate how to redistribute voltage, depending on a;(t).
Here, the temperature will change due to ambient and interzone influences, and the
replicator dynamics will persistently and dynamically redistribute the constrained
amount of voltage. Will it do this in a way to try to achieve the maximum uniform
temperature? The results below seem to illustrate that it will. Why? Because, it will
allocate more voltage to the minimum temperature at each time step. It will tend to
force the lowest (minimum) temperatures to rise faster than the higher temperatures.

While we expect that the temperature in each of the zones will be the same after
some time, there are certain features of the physical experiment that conspire against
us achieving this goal. One problem is the physical location of the lamps and the
sensors. Since we are working with breadboards, it is difficult to have the same sensor-
lamp, inter-lamp, and inter-sensor distances for all the zones, and hence the interzone
effects are different for each zone. The second problem is the sensors. We calibrate
one sensor and then we pick three others that provide temperatures close to it before
construction. Next, there is sensor noise. If all the sensors were the same, and there
was no noise, after a period of time the same temperature would be achieved in each
of the zones.

The results are shown in Fig. 2.1. This figure shows the first 50 minutes of the
experiment. At the beginning, the experiment was at 22 degrees Celsius, and as we can
see, practically all the zones were around this temperature. The temperature in each
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of the zones starts to increase according to the voltage that we allocate to each of the
lamps. The idea is to distribute 3.5 volts across the zones. We assume that these 3.5
volts are equivalent to P. For this case, we assume that P = 20. The initial conditions
are z1(0) = 0.44, 25(0) = 0.57, 25(0) = 0.51, and z4(0) = 1.98. All the units are
in volts. After 15 minutes, the experiment almost reaches a uniform temperature,
around 29 degrees Celsius. At 18 minutes, we add a disturbance to the grid. This
disturbance consists of turning on a lamp that is close to the first temperature zone,
and leaving it on for 2 minutes. As we can see in Fig. 2.1 the first zone drastically
increases its temperature, but at the same time there is a reallocation of the resource
(voltage) across the four zones. We can see then that at 18 minutes, all the zones
but the first one start to have more voltage, and that occurs until the disturbance
finishes. The final temperature in the grid is practically the same, +1 degree Celsius.
In this case, it is clear that we do not reach a unique equilibrium point described
by the input matching rule due to ambient and interzone influences. However, as we
can see in Fig. 2.1 the final values allocated are x;(3000) = 0.88, 25(3000) = 0.88,
x3(3000) = 0.86, and x4(3000) = 0.88. However, using our previous analysis the
final values should be zj = 0.88, 25 = 0.87, x5 = 0.86, and z; = 0.89, which as
we can see are relatively close to what we have in the experiment. Notice that the
only computations needed to implement the control are those for the computation of

(2.24), using a; = and with €, = ¢; = m = b; = § = 1. Clearly, the computational

1
T

complexity is not a concern for this application.
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Figure 2.1: Temperatures in four zones of the multizone temperature control exper-
iment. The plot represents the temperature in each of the zones (left axis), and the
distribution of the z; (right axis).

2.6 Conclusions

We have analyzed the ideal free distribution (IFD) for a general class of suitability
functions. We have proven that the habitat and input matching rules are equivalent
for this general case. We also proved that the IFD is indeed an evolutionarily stable
strategy (ESS) for the general case. Since this last concept only provides local re-
sults, we state a constrained optimization problem where we prove that the IFD is a
global optimum point. Finally, from an evolutionary time perspective, we set up the
replicator dynamics and show that the IFD is an asymptotically stable equilibrium
point. An interesting characteristic for this case is that under some constraints, a
gradient optimization perspective leads us to the same replicator dynamics. Finally,
in order to provide more insight on why these allocation dynamics are useful from an
engineering perspective, we applied the approach to a multizone temperature control
problem. Using the replicator dynamics ideas, we showed how in spite of limiting
the input voltage, we can manage to have a uniform temperature in each of four

temperature zones.
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CHAPTER 3

FORAGING THEORY FOR MULTIZONE
TEMPERATURE CONTROL

3.1 Introduction

Foraging theory is an area of behavioral ecology that mathematically describes a
foraging animal searching for nutrients and choosing which ones to consume [29, 30].
One of the classical foraging models is the prey model. This model describes a
forager searching for prey items individually dispersed throughout its environment
and predicts which types of prey the forager should exploit in order to maximize
its rate of energy gain. The analogy established in [31, 32] between a biological
forager and an “agent” (autonomous vehicle or software module) allows for application
of foraging models to engineering problems involving agents (i) searching for tasks
dispersed throughout a domain, and (ii) deciding which task types to process and
how long to process tasks or sets (patches) of tasks.

Here, we use the conceptual framework in [31, 32], along with the idea of “foraging
for error” from [33, 34] to develop a controller for a multizone temperature control
problem. The goal is to achieve a uniform desired temperature across a grid of eight

temperature zones, where a zone comprises a temperature sensor and a lamp. The
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controller (agent) moves around the grid searching for regions of temperature error
(the task). The prey model approach to the problem relies on the definition of a “task
type” as a zone with a particular error with respect to the desired temperature. Given
this definition, an encounter with a task of type ¢ occurs when the controller comes
across a zone with a temperature error corresponding to task type i. The controller
then uses the prey model algorithm [29] to decide whether to process the task, that
is, whether to heat the zone associated with the error. We implement the experiment
and controller in our laboratory [35] and provide data to illustrate the performance
of the foraging algorithm.

The temperature control problem we are addressing is essentially that of a dis-
tributed feedback control problem. Recent relevant work in this area includes spa-
tially distributed control [36, 23], modeling and estimation of distributed processes
[37], distributed control of thermal processes [38, 18, 39, 40], spatially interconnected
systems [41], and semiconductor processing [42, 43, 44]. In [23], the authors imple-
ment various decentralized and hierarchical control ideas for the actuation allocation
problem of an air-jet system. Distributed temperature control of thermal processes is
addressed in [39], and the authors focus on multivariable distributed control in order
to maintain a uniform temperature across a wafer during ramp-up. In [42, 44] the
authors present methods where resources are allocated using geometric and adaptive
techniques in order to utilize a heat source in designing a model-based control signal.
In [45], the authors describe a lithographical system that is heated by 49 indepen-

dently controlled zones. Distributed temperature control methods have been used
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to improve the performance of some devices in personal computers [19]. More re-
cently, in [24] the authors studied dynamic resource allocation strategies for different
processes (e.g., a multizone temperature control with 16 zones).

Our approach is novel with respect to what is found in the literature. Broadly
speaking, we demonstrate for the first time the utility of merging the fields of engi-
neering and behavioral ecology by using models from foraging theory to address an
important class of distributed temperature control problems. Specifically, we show
how a bioinspired distributed decision-making system (i.e., multiagent system) that
communicates over a network can be used to control a complex dynamical system.
The communication network consists of two “clients,” which obtain data from each
of the temperature zones, connected to a central “supervisor” that controls agent
actions across the grids. Network delays from this topology as well as disturbances,
such as interzone effects, ambient temperature changes, and wind, introduce addi-
tional challenges that, when overcome, highlight the robust nature of the agent-based
controller. Restrictions on the number of agents and the amount of lamp voltage
they can apply give our control strategy characteristics of dynamic resource alloca-
tion problems such as those mentioned above. Overall, while applications of foraging
theory to autonomous vehicles are studied in [31, 32, 46|, this is to our knowledge
the only other existing control engineering application of foraging theory. This chap-
ter should, thus, be viewed as early work, but with results that show clear paths to
further exploit concepts from mathematical behavioral ecology in engineering.

We begin by discussing the theory of the prey model, and how this theory can be
used in a multizone temperature control experiment. Then, we show implementation
results for tracking and regulation problems where we specify a desired temperature
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that must be reached by each zone in the temperature grid. In order to test the
controller’s performance, we add a disturbance and we limit the number of zones
that a forager can search. Finally, to explain a key feature of the emergent behavior
of the temperatures in our experiment, we discuss connections between our foraging
algorithm approach and the “ideal free distribution” (IFD) [1], an idea from theo-
retical ecology that has recently been found to have potential uses in engineering

applications [47, 25, 26].

3.2 Foraging Model

From a biological perspective, the environment of a foraging animal comprises
prey or food items that are spatially dispersed. Each forager’s primary “goal” is to
obtain energy, and the only way in which to do so is by searching for, attacking, and
consuming prey. The forager must make decisions about how to interact with its
environment to maximize some correlate of Darwinian fitness. If there are different
types of prey, which types should be attacked? Why not specialize on particular types
to avoid wasting time on substandard prey? On the other hand, why not generalize
and take advantage of all opportunities? This optimal diet problem is studied using
the so-called prey model from foraging theory [29]. The work in [31, 32] discusses the
applicability of this theory to many engineering problems by viewing a forager as an
agent and sources of energy or prey as tasks that must be processed. Here, using this
general agent-based terminology, we provide an overview of the prey model following
the treatment in [29)].

The prey model describes an agent searching for tasks of different types in a

particular environment. Each task holds a certain “point value” corresponding to
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the increment in the success level of an agent if it successfully processes the task.
Processing is the equivalent of a biological forager handling prey. Point values quantify
reward. The agent must search for tasks, recognize a task once it is encountered, and
then decide whether to process the task based upon this recognition. The prey model,
in its original form, assumes that a task is recognized correctly, that no time is required
for recognition, and that the goal of the agent is to maximize its average rate of point
gain.

Let there be n different types of tasks in the environment described by: e;, the
expected time required to process a task of type ; v;, the expected number of points
obtained from processing a task of type i; \;, the average rate of encounter with
tasks of type ¢ while searching; and p;, the probability of processing a task of type @
if it is found and recognized. Encounters with type ¢ are assumed to be sequential
and to follow a Poisson process. While we have assumed no explicit cost for time
spent searching, one may be accounted for by redefining v; [29]. The average rate of
point gain J for the agent is the expected number of points obtained divided by the
expected total amount of time spent foraging, which includes both search time and
time spent processing tasks. If an agent spends on average T time units searching,

then we have

Yo pidiTyv; > pidiv;
g = =

Ts+ > pidiTsei 14> pide;

=1 i=1

The probability of processing each task type is the decision variable for the agent.
Thus, the goal of the agent is to choose the p; that maximizes J. We first rewrite J

as
iAivV; + K
J_ Ptk
Ci + Didie;
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where k; is the summation of all terms in the numerator not involving task type 7

and c¢; is a similar variable for the denominator. Differentiating with respect to p;,

9J Nl + pidiei) — Niei(pidivi + ki) Avic; — Nieiks

—_— = . Nl
Ip; (ci + pidiei)? (ci + pidiei)? (3:1)

Note that if the numerator of Equation (3.1) is negative, then J is maximized by
choosing the lowest possible p;. Correspondingly, if the numerator is positive, then
J is maximized by choosing the highest possible p;. Therefore, because 0 < p; < 1,
the p; that maximizes J is either p; = 1 or p; = 0 for each i depending on the sign of
vic; — e;k;. This concept is known as the zero-one rule: to maximize its rate of point
gain, an agent must either process a task of type ¢ every time it encounters it or never
process a task of type i. The question then is which tasks the agent should process
and which tasks it should ignore. The answer must account for missed opportunity.
If the rate of point gain that results from processing task type ¢ is larger than that of
searching for and processing tasks of other types, then the agent should process the
task of type i. On the other hand, if the agent would gain more points by searching
for other tasks and processing those, then the task of type ¢ should not be processed.

Summarizing, this results in the rule

set pi=0 if v;/e; <ki/c

set pi=1 if wv/e; > ki/c,

where v;/e; is the rate of gain that results from processing task type i and k;/c; is the
alternative rate of gain resulting from searching for and processing other task types.

We now describe the prey model algorithm in light of the above discussion. Denote
the rate of point gain that results from processing type i (v;/e;) as the profitability
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of task type 7, and rank the tasks in the environment according to their profitability
such that vi/e; > vy/es > -+ > v, /e,. If type j is included in the agent’s “task
pool,” those types that the agent will process once encountered, then all types with
profitabilities greater than that of type 7 will be included in the task pool as well.
Thus, the prey algorithm states that, after ranking the task types by profitability,
include types in the task pool starting with the most profitable type until

i Aiv;

— > (3.2)
e .
1+ Z )\1'62‘ i
=1

1=

The highest j that satisfies this equation is the least profitable task type in the
task pool. In other words, if task types in the environment are ranked according
to profitability with ¢ = 1 being the most profitable, and if type j + 1 is the most
profitable type such that the agent will benefit more from searching for and processing
types with profitability higher than that of j + 1, then tasks of types 1 through j
should be processed when encountered and all other tasks should not. If the equation
does not hold for any 7, then all task types should be processed when encountered.
A derivation of (3.2) is given in [29)].

The exclusion of type j + 1 does not depend on the rate of encounter with type
74 1. This exclusion implies that if the expected missed opportunity gains exceed the
immediate gains of processing a particular type, then it does not benefit the agent
to process the type, no matter how often the agent encounters it. Equivalently, if a
type’s rate of encounter exceeds a critical threshold, then less profitable types should

be ignored regardless of how common they are in the environment.
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It is important to note that the prey model assumes the agent has knowledge
of all parameters. In many engineering applications, it is reasonable to imagine the
expected processing time e; and the expected points obtained v; to be parameters
that are known or approximated. However, knowledge of the rate of encounter with
tasks \; often may be an unrealistic assumption, and online estimation techniques
may need to be used [31]. An additional assumption of the prey model is that the
agent has infinite life; for example, infinite fuel for an autonomous vehicle. Also,
since the rate of encounter is constant, an infinite number of tasks are assumed to
exist. This idea might imply the ability of tasks to arrive within the environment, an
infinite number of spatial task arrangements, or an infinite number of ways that the
agent can move through the environment. More realistic, time-constrained situations

are accounted for in a risk-sensitive version of the prey model [29, 30, 31].

3.3 Temperature System and Application of the Prey Model

The temperature system under consideration comprises a temperature grid di-
vided into eight “zones” as shown in Figure 3.1. A zone contains a lamp and a
National Semiconductors LM35CAZ temperature sensor. Two computers (clients)
are each connected to four different zones via four analog inputs and four analog
outputs on a DS1104 dSPACE card. The digital outputs transmit on/off signals from
the client to the lamps, and the analog inputs transmit temperature data from the
sensors on the grid to the client. The DS1104 card has eight analog inputs: four
with 16 bit resolution and four with 12 bit resolution. Because of this, the use of
two computers (and correspondingly two dSPACE cards) allows for all eight zones to

have a 16 bit resolution input connection. Communication between each client and

41



the supervisor takes place over a TCP/IP connection via Matlab. Data collected via
dSPACE and the Real-Time Workshop is acquired with MLIB/MTRACE. In general,
MLIB/MTRACE captures the data from the board and transfers the information to
Matlab. This provides access to all variables from the application running on the
dSPACE card, and allows the use of various Matlab commands. Using these capabil-
ities, data is acquired and sent over the network connection to the supervisor. The
supervisor gathers data from the clients, implements the appropriate control algo-
rithm, and then sends information back to the clients as to which lamps should be

turned on.

CORRESPONDS TO CORRESPONDS TO CORRESPONDS TO
ZONE4INPC1 ZONE3INPC1 ZONE2INPC1

| I
CORRESPONDS TO ' § I . CORRESPONDS TO
ZONE1INPC1 ' 3 | . ZONE 1IN PC2
|
|

CORRESPONDS TO CORRESPONDS TO CORRESPONDS TO
ZONE2INPC2 ZONE3INPC2 ZONE4INPC2

Figure 3.1: Zone layout on a single temperature grid. Each zone contains a lamp and
a temperature sensor.

To apply the prey model to the temperature control experiment, we view a con-
troller as an agent (animal) and a task (prey) as a zone with a specific error relative

to the overall desired temperature. Hence, the number of task types n is free to be
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chosen as any reasonable number of discretized error quantities. In the specific ap-
plication that follows, we choose n = 100 so that the agent may encounter any of 100
types of error. We choose these 100 types to span a range of error of 0°C (type 100)

to 5°C (type 1) with the type distribution defined by the function
i = ceil(100e~12Ta=TH) (3.3)

where k = 1,2,...,8 is the zone number and “ceil” is the standard ceiling function
for converting to an integer. Equation (3.3) is shown in Figure 3.2(a), where 7 is
the task type and (T; — T*) € [0, 5] is the error of the k™ zone with respect to the
desired temperature T,. This nonlinear function is chosen since it defines a larger
number of types for errors with small magnitude, thus providing better accuracy near
the desired temperature. The ceiling function discretizes the type, and a saturation
function is used to assure that the error lies within the required domain. In other
words, errors that correspond to 7% being above T} are equivalent to 0°C errors and
are considered to be of type 100.

The controller “moves” around the temperature grid by being randomly placed
on one of the eight zones and detecting the temperature associated with that zone.
Since the temperature of each zone constantly changes, placement of the controller on
a specific zone does not imply an encounter with a particular task type. The type that
the controller encounters depends on the temperature of the zone. The random zone
selection adds to the stochastic nature of search and prevents oscillatory behavior
that may result from systematic movement over the zones.

Processing times for each task type are determined by the function

e; = 100 + 1000e~0-05(=30)
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Figure 3.2: Parameter functions. Panel (a) depicts the determination of task type
from encountered error, and panel (b) illustrates the processing times for each task

type.

shown in Figure 3.2(b) where i is the task type. This function assigns longer pro-
cessing times to task types that correspond to larger T; — T* temperature errors
since larger errors require a longer length of heating time by a lamp. The expo-
nential characteristic of this function matches the distribution of processing times
to the distribution of task types. Note that the processing times span a range of
more than 4 seconds to 0.1 seconds. Although we examine one specific illustrative e;,
other processing-time functions may be chosen and will potentially result in different
performance.

Task type point values are additional parameters that can be chosen freely and

will affect the performance of the controller. Generally, task types corresponding to
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larger errors should have larger point values than task types corresponding to smaller

errors. We choose point values according to the function
v; = 101 — 4

for i € {1,...,n—1}. This point gain function assigns point values ranging from 100
points for a type-1 task to two points for a type-99 task. For a type-100 task, we
assign a negative point value since tasks corresponding to zero or negative error do
not need to be actuated with the lamp.

Rates of encounter \; with different task types are estimated in real time as the
experiment runs. The controller of an agent has a memory and is able to keep track of
its number of encounters with a specific error. At any given time instant, an estimate
i of the rate of encounter with type i for that particular agent is calculated as the
number of times type ¢ has been encountered by the agent divided by the time that
the agent has spent searching for tasks. Once the relationship between error and type,
the processing time function e;, and the point value function v; are determined, the
prey model algorithm described by (3.2) is implemented at each simulation time step
using the rate of encounter estimates in order to determine which task types should
be processed when encountered.

Summarizing, the controller agent is randomly placed on a zone (implying an
encounter with, for example, task type i), N is updated, and the prey model algorithm
is calculated using the new rate of encounter estimate in order to determine whether
the controller should stop searching for tasks momentarily and heat (with the lamp)
the zone corresponding to the encountered task for the amount of time specified by
€;.

45



3.4 Experiments and Results

To illustrate the ideas described in the theory, we performed three different ex-
periments. The first is a tracking problem where the desired temperature is altered
over time. The second experiment illustrates how the foragers reallocate when a dis-
turbance is applied after the desired temperature is reached in the temperature grid.
Finally, we limit the number of zones that each forager can search to see whether
a desired temperature is achieved. In all of these cases we use four foragers, each
of which use the prey algorithm described in the previous section. Our results show
that the desired temperature is achieved despite sensor inaccuracy, noise, and network
delays. We also highlight an interesting connection with the “ideal free distribution”

(IFD) concept from theoretical ecology [1, 3.
3.4.1 Tracking

To evaluate controller tracking abilities, we alter the desired temperature over
time. Initially, the desired temperature is set to T; = 23°C. We then change T},
at 340 and 680 seconds to T, = 24°C and T; = 22°C, respectively. The ambient
room temperature is T, = 21.3°C. Typical results are shown in Figure 3.3. We ran
the experiment many times and found similar performances for other T; values and
ambient conditions.

The prey model algorithm achieves the desired result: the temperature of each
zone tracks the desired temperature changes. Note that data is acquired from the
sensors at a sampling rate of 1 ms. This value was chosen to obtain accurate estimates
of the rate of encounter with tasks for a particular agent. Although the sensors

are very accurate (+0.2°C typical accuracy, and +0.5°C guaranteed), their thermal
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Figure 3.3: Multizone temperature control tracking performance, desired temperature
(dashed), and actual temperature (solid) with plot layout corresponding to spatial
zone positions in Figure 3.1. The stem plot at the bottom of each panel indicates the
on/off state of the lamp z’ for zone i at a given point in time.

constants are slow relative to the chosen sampling rate, yielding the noisy responses
observed in Figure 3.3. Nevertheless, Figure 3.3 shows that on average good tracking
performance is achieved.

The processing of tasks in each zone over time is indicated by the overlaying stem
plot in Figure 3.3, which shows whether the lamp for a given zone is on or off at
a particular point in time. It is clear from this plot that the decrease in desired
temperature at 680 seconds results in no tasks being processed for a short period.
This is because the temperature error of all zones during this time is negative (the
actual temperature is above the desired temperature) implying encounters with only

type 100 tasks, which have negative point value and are not worth processing. Also
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note that when the zones’ temperatures are essentially at the desired temperature,
some task types are still ignored. This is evident from the existence of gaps in the
stem plot around steady state and is due to the exponential nature of the e; curve.
When all of the errors are small, the processing times of the encountered types do not
differ much from one another (since they occur on the flatter part of the e; curve).
The controller then is not willing to waste time processing very tiny errors when it
can search for and spend the same amount of time processing small (but not tiny)
errors and receive a larger number of points.

The task types that each forager encounters over time are shown in Figure 3.4.
Each forager encounters lower task types at the beginning due to the initial presence
of large positive errors that correspond to low task types (Figure 3.2(a)). This char-
acteristic is also seen when the desired temperature is increased at 340 seconds. As
mentioned above, however, the second T, change at 680 seconds causes encounters

with only type-100 tasks because of a negative temperature error.
3.4.2 Disturbance Effects

The tracking experiment showed that the prey model controller achieves good
tracking performance. Here, we introduce a disturbance by means of an extra lamp
located next to the sensor in zone 3. The idea is to regulate the temperature of the
grid to a desired temperature Ty; = 20°C, and once a steady-state value is achieved,
the new lamp in zone 3 is turned on.

The experiment was begun with an ambient room temperature of 7T, = 18.5°C.
Figure 3.5 illustrates the temperatures and the lamps that were on for the first 10

minutes of the experiment. The controller was initially run in the absence of any
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Figure 3.4: In this figure, we illustrate the task-type encounters of each forager with
respect to time. Encounters are downsampled for visualization.

disturbance, and the extra lamp in zone 3 was turned on after approximately 60
seconds. As seen in Figure 3.5, the temperature in zone 3 starts to increase, but
the temperature in the other zones remains close to the desired temperature T,;. The
disturbance is turned off around 110 seconds, and the temperature drops until it again
reaches T,. Figure 3.5 also shows the lamps that are on at a given time. We see that,
during the time the disturbance was on, no foragers heated zone 3, even though the
zone could have been selected by the algorithm. This behavior is expected considering
the negative error in zone 3 after the disturbance. Foragers that randomly select zone
3 encounter a type-100 task and do not process it because it is not profitable enough

to be included in the task pool. However, once the disturbance is turned off, and the
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temperature returns close to Ty, the foragers visit that zone in order to keep the grid

at the desired temperature.
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Figure 3.5: Multizone temperature control performance when a disturbance is applied.
The desired temperature (dashed), the actual temperature (solid), and the lamps that
are on (stem) are shown in the plot layout corresponding to spatial zone positions in
Figure 3.1. The stem plot at the bottom of each panel indicates the on/off state of
the lamp ' for zone i at a given point in time.

3.4.3 Search Limitations

The previous two experiments were based on the assumption that all foragers could
sense the temperature in every zone of the multizone temperature grid. However, an
interesting case arises when the foragers do not have access to all zones’” temperatures.
To investigate this issue, we divide the four foragers into two sets of two. The first
set contains foragers 1 and 2, which are limited to search zones 1 through 5. The
second set, comprising foragers 3 and 4, is limited to search only zones 4 through 8.
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Zones 4 and 5 are common to both sets. The prey model is still applied; however,
the number of zones the forager can randomly encounter is limited.

The goal of this experiment is to regulate the temperature grid to a desired tem-
perature T; = 20°C when the ambient room temperature is 7, = 18.9°C. Figure
3.6 shows the results for 600 seconds. After 10 minutes, the temperature across the
multizone temperature grid is essentially constant at the desired temperature. Some
expected oscillations exist around the desired temperature due to the number of for-
agers, network delays, and sensing limitations. The search limitation is evident in
Figure 3.7: only two foragers search zones 1 through 5, while the other two search
zones 4 through 8. These limitations, however, do not affect tracking performance.

The desired temperature is reached even in the absence of perfect information.

3.4.4 Discussion

Our results show that the temperature of each zone reaches each desired tem-
perature that is applied despite several performance-limiting effects, namely resource
allocation constraints, network delays, disturbances, and imperfect information. Re-
sources are limited owing to the fact that only four foragers are allocated around the
grid. Thus, the maximum number of lamps on at any given time is four. The result
is at least four unattended zones that must experience a decrease in temperature and
then later receive attention again due to the temperature error that has developed.
This pattern yields slight oscillatory behavior in Figure 3.3 that is most evident in
the zones where the desired temperature is reached the fastest. Network and com-

munication delays also affect controller performance. The clients sample temperature
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Figure 3.6: Multizone temperature control performance when there is not perfect
information. The desired temperature (dashed), the actual temperature (solid), and
the lamps that are on (stem) are shown with plot layout corresponding to spatial
zone positions in Figure 3.1. The stem plot at the bottom of each panel indicates the
on/off state of the lamp z* for zone 7 at a given point in time.

data every 1 ms via the sensors and transmit this data back to the supervisor. Be-
cause these connections are implemented over a TCP/IP connection, internet delays
exist. However, the controller performs quite well in the presence of such constraints.
Additionally, good performance was achieved after the introduction of disturbances
and information limitations.

It should be noted that the experiments were performed at different times of the
day and year, leading to different ambient conditions. In addition to temperature
fluctuations from experiment to experiment, wind current due to, for example, air
conditioning systems and window drafts also exists. Although such adverse experi-

mental conditions can significantly affect experiment results (e.g., making achieved
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Figure 3.7: Corresponding zones for each of the four foragers.

steady-state behavior different, compare Figure 3.3 to Figures 3.5 and 3.6), the per-
formance of the controller is quite good. Furthermore, parameter value and function
tuning may lead to improved results. For example, the type function in (3.3), the
processing-time function e;, and the point-value function v; were chosen in our ex-
periments to simply demonstrate the utility of a foraging theory approach to control;
however, different functions may be used and, with proper tuning, may result in
improved performance.

An important characteristic of the experimental results given above is the connec-
tion to the IFD. In the temperature control experiment, the group of foragers tends
to reach an IFD. Why? If we think of temperature error in a given zone as a nutrient,
the foragers will allocate themselves in the zones where the temperature is below the

desired one, and they tend to choose those zones where the reward is higher (i.e.,
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where they are getting a high number of points v;). In this way, they persistently
move around the grid and maintain the same consumption rate for each of them that

corresponds to the equilibration of the zone temperatures in Figures 3.3, 3.5, and 3.6.

3.5 Conclusions

The utility of foraging theory for decision-making system design was established
in [31, 32] for autonomous vehicles via simulations. Here we examine an application of
the theory to an actual physical experiment, namely temperature control of a grid of
eight zones. A controller is thought of as an agent searching for error across the grid,
and it uses the prey model algorithm to decide which types of error to actuate with a
lamp to achieve a uniform desired temperature across the grid. The algorithm causes
the controller to ignore certain types of error when the missed opportunity of more
profitable types is too great to forgo. Results show that the controller does very well
in tracking desired temperatures, even in the presence of disturbances and sensing
limitations. The results also illustrate a connection between the prey model and the
ideal free distribution. The desired temperature is reached in all three experiments
by the foragers allocating themselves in the zones where the error is higher.

Future directions include applications of extended foraging theory concepts such as
the patch model to determine how long to process certain error types and risk-sensitive
foraging theory to decide which types to process when time is limited. Moreover,
there is a need to mathematically analyze the stability of the controller; however, this
is quite challenging due to the need to consider sensor noise, disturbances, lack of

perfect information (i.e., decentralized control), asynchronous operation, and the fact
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that the control input is of the on-off type that is constrained so that only a limited

number of zones can be heated at one time.
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CHAPTER 4

HONEY BEE SOCIAL FORAGING ALGORITHMS FOR
RESOURCE ALLOCATION: THEORY AND
APPLICATION

4.1 Introduction

Evolution by natural selection has shaped biosystem optimization and control
processes to enhance the probability of species survival [48]. The “bioinspired” design
approach [34] seeks to exploit the evolved “tricks” of nature to construct robust high
performance technological solutions. For instance, the ant colony optimization (ACO)
algorithms introduced by M. Dorigo and colleagues (e.g., see [49, 50, 51, 52]) mimic
ant foraging behavior and have been used in the solution to classical optimization
problems (e.g., discrete combinatorial optimization problems [53]) and in engineering
applications (e.g., [54, 55]). The primary goal of this chapter is to show that honey
bee social foraging techniques can be exploited in a bioinspired design approach to (i)
solve a continuous optimization problem underlying resource allocation [22], and (ii)
provide novel strategies for multizone temperature control, an important industrial

engineering application.
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Our model of honey bee social foraging relies on experimental studies [56] and some
ideas from other mathematical models of the process. A differential equation model
of functional aspects of dynamic labor force allocation of honey bees is developed and
validated for one set of experimental conditions in [57, 48]. The work in [58] extends
this model (e.g., by adding details on energetics and currency) and [59] introduced
a generic nonlinear differential equation model that can represent social foraging
processes in both bees and ants. Like in [59, 58], our model of recruitment uses
the idea from [57, 48] that dance strength proportioning on the dance floor shares
some characteristics with the evolutionary process (e.g., with fitness corresponding to
forage site profitability and reproduction to recruitment as discussed in [56]). Here
we make such connections more concrete by modeling the bee recruitment process in
an analogous manner to how survival of the fittest and natural selection are modeled
in genetic algorithms using a stochastic process of fitness proportionate selection
[60]. The authors in [61] introduce an “individual-oriented” model of social foraging
and validate it against one set of experimental conditions as was done in [57, 48].
More recently, in [62] the authors expanded and improved the model in [61] (e.g.,
taking into account the findings in [63] and by studying an equal harvest rate forager
allocation distribution). The work in [64] studies the pattern of forager allocation and
the optimality of it. The authors in [65] study the spatial distribution of solitary and
social food provisioners under different currency assumptions. The work in [64, 65, 62]
identifies connections to the concept of the “ideal free distribution” (IFD) [1]. Here,
we do not use a detailed characterization of bee and nectar energetics and currency
since there is not enough experimental evidence to justify whether or when a gathering
rate or efficiency-based currency is used [56]; instead, we develop a generic measure
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of forage site profitability. This general profitability measure approach is the same
one used in [66] to represent the nest-site quality landscape for the honey bee nest-
site selection process. Our general measure has the advantage of allowing us to
easily represent a wide range of density-dependent foraging currencies via the classical
“suitability function” approach to IFD studies [1]. Also, it eases the transition to the
multizone temperature control problem since the temperature control objective can
be easily characterized with our general profitability measure.

In this chapter, the IFD is a central unifying concept. The IFD will emerge for
one hive as the foragers are cooperatively allocated across sites. Moreover, if n hives
compete in the same environment for a resource the IFD will also emerge. Here, we
create a mathematical representation of the n-hive game where each hive’s strategy
choice entails picking the distribution of its foragers across the environment. Our
analytical study starts by showing that the IFD is a strict Nash equilibrium [27] in
terms of the payoffs to each hive and a special type of evolutionarily stable strategy
(ESS). The original definition of an ESS is based on one important assumption: the
population size has to be infinite. In [67, 68] the authors define the conditions that
must be satisfied in order to prove that a strategy is evolutionarily stable for a finite-
population size. Using the ideas in [67] we state the conditions for what we call a
one-stable ESS, and show that the IFD satisfies those conditions. This means that
in an n-hive game, if a single hive’s strategy (forager allocation) mutates from the
IFD it cannot survive when competing against a field of n — 1 hives that use the IFD
strategy. While this means that the IF'D is locally optimal in a game-theoretic sense
(i.e., unilateral forager allocation deviations by a hive are not profitable), here we
show that the achieved IFD is a global optimum point for both single hive and n-hive
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allocations. For the n-hive case, this means that if the forager allocation of all hives
but one is at the IFD, then the remaining hive has to distribute its effort according
to the IFD if it is to maximize its return.

The utility of these theoretical concepts and the honey bee social foraging algo-
rithm are illustrated by means of an engineering application. One possible engineering
application is the dynamical allocation of servers on the Internet [69]. However, the
technological challenge we confront is multizone temperature control. Achievement
of high performance multizone temperature control is very important in a range of
commercial and industrial applications. For instance, recent work in this area in-
cludes distributed control of thermal processes [38, 18, 39, 40, 19], and semiconductor
processing [42, 43, 44]. Particularly relevant to our work is the study in [39], where
the authors use multivariable distributed control in order to maintain a uniform tem-
perature across a wafer during ramp-up (similar to the control objective we study
here). In [45] the authors describe a lithographical system that is heated by 49 in-
dependently controlled zones. Here, we use a multizone experimental setup that is
similar to the one in [24] where dynamic resource allocation methods are studied.
Our experiments demonstrate how one hive can achieve an IFD that corresponds to
maximum uniform temperatures on the temperature grid. We illustrate the dynamics
of the foraging algorithm by showing how it can successfully eliminate the effects of
ambient temperature disturbances. Moreover, we show that even if two hives have
imperfect information they can be used as a feedback control that will still achieve
an [F'D.

The chapter is organized as follows. First, in Section 4.2 we introduce the honey
bee social foraging algorithm. In Section 4.3 we perform a theoretical analysis of
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the hives’ achieved IFD equilibrium. In Section 4.4 we apply the honey bee social
foraging algorithm to a multizone temperature control experiment and show how the

IFD emerges under a variety of conditions.

4.2 Honey Bee Social Foraging Algorithm

Modeling social foraging for nectar involves representing the environment, ac-
tivities during bee expeditions (exploration and foraging), unloading nectar, dance
strength decisions, explorer allocation, recruitment on the dance floor, and accounting
for interactions with other hive functions. The experimental studies we rely on are
summarized in [56]. Our primary sources for constructing components of our model
are as follows: dance strength determination, dance threshold, and unloading area
[70, 71, 63]; dance floor and recruitment rates [57]; and explorer allocation and its

relation to recruitment [72, 73].
4.2.1 Foraging Profitability Landscape

We assume that there are a fixed number of B bees involved in foraging. For i =
1,2, ..., B bee i is represented by 6° € R? which is its position in two-dimensional space.
During foraging, bees sample a “foraging profitability landscape” which we think of as
a spatial distribution of forage sites with encoded information on foraging profitability
that quantifies distance from hive, nectar sugar content, nectar abundance, and any
other relevant site variables. The foraging profitability landscape is denoted by J¢(6).
It has a value J¢(#) € [0,1] that is proportional to the profitability of nectar at
a location specified by 6 € R?. Hence, J;(f) = 1 represents a location with the

highest possible profitability, J¢(#) = 0 represents a location with no profitability,
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and 0 < J;(0) < 1 represents locations of intermediate profitability. For 6 = [0;,65] ",
the #; and 6, directions for our example foraging area are for convenience scaled to
[—1, 1] since the distance from the hive is assumed to be represented in the landscape.
We assume the hive is at [0,0].

As an example of the type of foraging profitability landscape we could have four
forage sites centered at various positions that are initially unknown to the bees (e.g.,
site 1 could be at [1.5,2.0]7). The “spread” of each site characterizes the size of
the forage site, and the height is proportional to the nectar profitability. For exam-
ple, we could use cylinders with heights N]Z € [0,1] that are proportional to nec-
tar profitability, and the spread of each site can be defined by the radius of the

cylinders €;. Below, we will say that bee i, 0 = [6%,05]", is “at forage site 17 if

V(01— [1.5,2]T)T (¢ — [1.5,2]T) < €. We use a similar approach for other sites.
4.2.2 Bee Roles and Expeditions

Let k be the index of the foraging expedition and assume that bees go out at
one time and return with their foraging profitability assessments at one time (an
asynchronous model with randomly spaced arrivals and departures will behave in a
qualitatively similar manner). Our convention is that at time & = 0 no expeditions
have occurred (e.g., start of a foraging day), at time k = 1 one has occurred, and so
on. All bees, i = 1,2, ..., B, have #°(0) = [0,0]" so that initially they are at the hive.

Let z;(k) be the number of bees at site j at k. We assume that the profitability
of being at site j, which we denote by s; for a bee at a location in site j, decreases as

the number of bees visiting that site increases. A typical choice [1, 2] is to represent
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this by letting, for each j,

In this case, we could assume that a; is the number of nutrients per second at the 5
site. With this representation we think of a site as a choice for the hive, with the site
degrading in profitability via the visit of each additional bee, a common assumption
in theoretical ecology. In IFD theory s; is called the “suitability function” [1].

Of the B bees involved in the foraging process, we assume that there are By (k)
“employed foragers” (ones actively bringing nectar back from some site and that will
not follow dances). Initially, Bf(0) = 0 since no foraging sites have been found. We
assume that there are B, (k) = B,(k)+ B,(k) “unemployed foragers” with B, (k) that
seek to observe the dances of employed foragers on the dance floor and B,.(k) that rest
(or are involved in some other activity). Initially, B,(0) = B, which with the rules
for resting and observing given below will set the number of resters and observers.
We assume that there are B.(k) “forage explorers” that go to random positions in
the environment, bring their nectar back if they find any, and dance accordingly, but
were not dedicated to the site (of course they may become dedicated if they find a
relatively good site).

We ignore the specific path used by the foragers on expeditions and what specific
activities they perform. We assume that a bee simply samples the foraging profitabil-
ity landscape once on its expedition and hence this sample represents its combined
overall assessment of foraging profitability for location 6°(k). It is this value that it
holds when it returns to the hive. It also brings back knowledge of the forage loca-

tion which is represented with 0(k) for the k' foraging expedition. Let the foraging
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profitability assessment by employed forager (or forage explorer) i be

| 1 (0 (R) + wi(k) > 1
Fik) = { Jy(01(k)) +wi(k) if 1> J;(0(k)) +wh(k) > e
0 i T (0°(k)) + w) (k) <

where w(k) is profitability assessment noise. Here, we let w}(k) be uniformly dis-
tributed on (—wy,wy) with wy = 0.1 (to represent up to a £10% error in profitability
assessment). The value €, > 0 sets a lower threshold on site profitability. Here,
€, = 0.1. For mid-range above-threshold profitabilities the bees will on average have
an accurate profitability assessment since the expected value with respect to k of

w(k), Elw}(k)] = 0. Let F*(k) = 0 for all unemployed foragers.
4.2.3 Dance Strength Determination

Let L}(k) be the number of waggle runs of bee ¢ at step k, what is called “dance
strength.” The B, (k) unemployed foragers have L}(kz) = 0. All employed foragers
and forage explorers that have F*(k) = 0 will have L%(k) = 0 since they did not find
a location above the profitability threshold €, so they will not seek to be unloaded

and will not dance; these bees will become unemployed foragers.

Unload Wait Time

Next, we will explain dance strength decisions for the employed foragers and forage
explorers with F*(k) > €,. To do this, we first model wait times to get unloaded and
how they influence the “dance threshold.” Define Fy(k) = S22 Fi(k) as the total
nectar profitability assessment at step k for the hive. Foragers at profitable sites tend
to gather a greater quantity of nectar than at low profitability sites. Let F, ;(k:) be
the quantity of nectar (load size) gathered for a profitability assessment F*(k). We

assume that F(k) = aF'(k) where v > 0 is a proportionality constant. We choose
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a = 1 so that Fq’(k‘) € [0, 1], with Fq’(k:) = 1 representing the largest nectar load size.
Notice that if we let Fy,(k) be the total quantity of nectar influx to the hive at step
k,
Flk) = S Fi(k) = a " Fi(k) = aFi(k)

so the total hive nectar influx is proportional to the total nectar profitability assess-
ment. Also, Fi,(k) € [0,aB] since each successful forager contributes to the total
nectar influx.

The average wait time to be unloaded for each bee with with F'(k) > ¢, is
proportional to the total nectar influx. Suppose that the number of food-storer bees

is sufficiently large so the wait time W(k) that bee i experiences is given by
Wi (k) = max { Fyy(k) + wi,(k),0} = ¢ max {aF,(k) + w,(k),0} (4.1)

where ¢ > 0 is a scale factor and w’, (k) is a random variable that represents variations
in the wait time a bee experiences. We assume that w’,(k) is uniformly distributed
on (—wsy, wy). Since Fy,(k) € [0,aB], Y(aB + w,) is the maximum value of the wait
time which is achieved when total nectar influx is maximum. For the experiments in
[63] (July 12 and 14 data) the maximum wait time is about 30 sec. (and we know
that it must be under this value or bees will tend to perform a tremble dance rather
than a waggle dance to recruit unloaders [56]); hence, we choose ¥(aB + w,,) = 30.
Note that +vw,, seconds is the variation in the number of seconds in wait time due
to the noise and w,, should be set accordingly. We let vw,, = 5 to get a variation
of £5 seconds. If B = 200 is known, we have two equations and two unknowns, so

combining these we have B + 1w, = 30, which gives ) = 25/200 and w,, = 40.
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That there is a linear relationship between wait times and total nectar influx for
sufficiently high nectar influzes is justified via experiments described in [63] and [56] p.
112. Deviations from linearity come from two sources, the w’, (k) noise and the “max”
in Equation (4.1). Each successful forager has a different and inaccurate individual
assessment of the total nectar influx since each individual bee experiences different
wait times in the unloading area. The noise w’ (k) in Equation (4.1) represents this.
Some foragers can get lucky and get unloaded quickly and this will give them the
impression that nectar influx is low. Other foragers may be unlucky and slow to get

unloaded and this will result in an impression that there is a very high nectar influx.

The Dance Decision Function

Next, we assume that the i** successful forager converts the wait time it experi-
enced into a scaled version of an estimate of the total nectar influx that we define

as

Fj (k) = W' (k) (4.2)

So, we are assuming that each bee has an internal mechanism for relating the wait
time it experiences to its guess at how well all the other foragers are doing [56]. The
proportionality constant for this is § > 0 and since W*(k) € [0, ¥ (aB + w,,)] = [0, 30]
sec. we have Fti](k:) € [0,300].

So, how does total nectar influx influence the dance strength decision, and in
particular the dance threshold? This is explained in on p. 118 in [56]. Here we build
on this by defining a “decision function” for each bee that shows how the dance

threshold for each individual bee shifts based on the ¥ bee’s estimate of total nectar
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influx. The decision function is
L (k) = max {5 (Fi(k) - ng(k)) ,o} (4.3)

which is shown in Figure 4.1. The parameter 3 > 0 affects the number of dances

produced for an above-threshold profitability.

A
L;(k) Nectar influx
Dance decrease
strength, <— >
\l;lvuaggg of Nectar influx
g increase
Slope=f3
Fig(k) = 3WiK) fF'(k)I
N LAY
N Dance threshold fo?Céz;?ro ey
- [ith(k) -+ for beei

Figure 4.1: Dance strength function.

In Figure 4.1, —ﬁﬁ’ti](k) is the intercept on the dance strength axis. The diagonal
bold line in Figure 4.1 shifts based on the bee’s estimation of total nectar influx since
this is proportional to Ft’q(k) Notice that since the line’s slope is 3, and since we
take the maximum with zero in Equation (4.3), the lowest value of nectar profitability
Fi(k) that the i bee will decide to still dance for is the “dance threshold” Ftil(k:) and
from Equation (4.2), the bee’s scaled estimate of the total nectar influx. Note that
changing (3 does not shift the dance threshold. The parameter 3 will, however, have
the effect of a gain on the rate of recruitment for sites above the dance threshold. In
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the case where Fy, (k) = Ftiq(k) = 0 there is no nectar influx to the hive and it has
been found experimentally [56] that in such cases, if a bee finds a highly profitable
site, she can dance with 100 or more waggle runs. Hence, we choose 3 = 100 so
L’ (k) = 100 waggle runs in this case. Then, L (k) € [0, 3] = [0, 100] waggle runs for
all 7 and k.

The dance threshold in Equation (4.2) is defined using the parameter §. What
value would we expect a bee to hold for 67 Since the nectar profitability F*(k) € [0, 1],
d needs to be defined so that Ftil(k) € [0,1] so that the dance threshold is within the

range of possible nectar profitabilities. This means that we need

1

To gain insight into how to pick ¢ in this range notice that ¢ is proportional to the
site abandonment rate: (i) if 6 ~ 0, then the dance threshold F}Z(kj) ~ 0 independent
of wait times and so sites of significantly inferior relative profitability will never be
abandoned, something that does not occur in nature; and (ii) if 6 ~ % = 0.0333,
then almost all sites are not danced for since the dance threshold is so high and the
foraging process fails completely, something that does not occur in nature. Hence,
must be somewhere in the middle of the range in Equation (4.4); in simulations we

tuned the value of § to match experiments and found ¢ = 0.02.

Dance/No-Dance Choice

The set of bees that, after dance strength determination as outlined in the previous
section, have L’f(k) > 0 are ones that consider dancing for their forage site. Here, we

let p,(, k) € [0,1] denote the probability that bee ¢ with L’ (k) > 0 will dance for the
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site it is dedicated to. We assume that

piis ) = %L@(@

where ¢ € [0,1] (which ensures that p,(i,k) € [0,1]). We choose ¢ = 1 since it
resulted in matching the qualitative behavior of what is found in experiments. Hence,
a bee with an above-threshold profitability is more likely to dance the further its
profitability is above the threshold as seen in experiments [56]. In this way, relatively
high quality new discoveries will typically be danced for, but as more bees are recruited
for that site and hive nectar influx increases, it will become less likely that bees (e.g.,
the recruits) will dance for it and this will limit the number of dancers for all sites.
Relatively low quality sites are not as likely to be danced for; however, bees that
decide not to dance will still go back to the site and remain an employed forager for
it. If bee 7 dances, then it uses a dance strength of L}(kz) If it does not dance, we
force Llf(k) = (0 and the bee simply remains an employed forager for its last site. We
let By4(k) denote the number of employed foragers with above-threshold profitability

that dance.

4.2.4 Explorer Allocation and Forager Recruitment

Resters and Observers

The bees that either were not successful on an expedition, or were successful
enough to get unloaded but judged that the profitability of their site was below the
dance threshold, become unemployed foragers. Some of these bees will start to rest
and other dance “observers” will actively pursue getting involved in the foraging
process by seeking a dancing bee to get recruited. Here, at each k we let p, € [0, 1]

denote the probability that an unemployed forager or currently resting bee will become

68



an observer bee; hence 1 — p, is the probability that an unemployed forager will rest
or a currently resting bee will continue to rest. It has been seen experimentally [56]
that in times where there are no forage sites being harvested there can be about
35% of the bees performing as forage explorers, but when there are many sites being
harvested there can be as few as 5%. Hence, we choose p, = 0.35 so that when all

bees are unemployed, 35% will seek dances.

Explorers and Recruits

Here, we assume that an observer bee on the dance floor searches for dances to
follow and if it does not find one after some length of time, it gives up and goes
exploring. To model explorer allocation based on wait-time cues, we assume that
wait-time is assumed to be proportional to the total number of waggle runs on the
dance floor. Let

By (k)
Li(k) = Z L}(k)
i=1
be the total number of waggle runs on the dance floor at step k. We take the B,(k)
observer bees and for each one, with probability p.(k) we make it an explorer. We

choose

pelh) = e (3210 (45)
Notice that if L;(k) = 0, there is no dancing on the cluster so that p.(k) = 1 and
all the observer bees will explore (e.g., L:;(0) = 0 so initially all observer bees will
choose to explore). If L;(k) is low, the observer bees are less likely to find a dancer
and hence will not get recruited to a forage site. They will, in a sense, be “recruited
to explore” by the lack of the presence of any dance. As L;(k) increases, they become

less likely to explore and, as discussed below, will be more likely to find a dancer and
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get recruited to a forage site. Here, we choose ¢ = 1000 since it produces patterns of
foraging behavior in simulations that correspond to experiments.

The explorer allocation process is concurrent with the recruitment of observer bees
to forage sites. Observer bees are recruited to forage sites with probability 1 — p.(k)
by taking any observer bee that did not go explore and have it be recruited. To
model the actual forager recruitment process we view L}(k;) as the “fitness” of the
forage site that the i bee visited during expedition k. Then, the probability that an

observer bee will follow the dance of bee 7 is defined to be

L (k)
_ f
pilk) = By (k)

2t Ly(k)

In this manner, bees that dance stronger will tend to recruit more foragers to their

(4.6)

site.
4.2.5 Discussion

We have conducted extensive simulations to validate the qualitative characteris-
tics of our model of social foraging by honey bees. In particular, we have shown that
the model represents achievement of the IFD of foragers per relative site profitabil-
ities [56] for a range of suitability functions, “cross-inhibition” seen in [57, 48] (the
main experiments used in model validation for all other bee foraging models discussed
earlier), reallocation when new forage sites suddenly appear or disappear, or when
site qualities change [56, 57, 48]. In the interest of brevity we do not include these
simulations here since: (i) our focus is not on model validation (i.e., accurate repre-
sentation of numerical data from experiments on honey bee social foraging) but on

bioinspired design based on the main algorithm features; and (ii) the key qualitative
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features of the allocation dynamics are all illustrated in our implementation of the

bee algorithm for multizone temperature control in the next section.

4.3 Equilibrium Analysis of Hive Allocations

In Section 4.2 we explained how the honey bee social foraging algorithm achieves
the ideal free distribution (IFD). In this section we prove that the hives’ IFD is a
global optimum point. For that, some assumptions have to be made. In the previous
section we saw how bees in different roles were allocated to different forage sites by
their behavior in the hive. In the following analysis we assume that there exists a
fixed number of hives n in an environment, that each hive contains a fixed amount
of employed forager bees B}, 1 = 1,2,...,n, and that all bees are allocated to N
different sites (i.e., we ignore the components of the process associated with searching

for forage sites).

4.3.1 The n-Hive Game
Nash Equilibrium

Let x; > (0 denote the number of bees that the i** hive allocates to the j (forage)
site choice, where i = 1,2,...,n, and j = 1,2,..., N. We assume for simplicity that
Zjv:l x; = By, for all 4, is the total amount of bees the i hive can allocate. Also,
assume that a; > 0 is the constant quality of site j (e.g., in the classical IFD it
is the input rate of nutrients to the j* site, in applications, this constant could be

proportional to site profitability). Hence, in an n-hive game each hive has N pure

strategies corresponding to choosing the sites j = 1,2,..., N. But the strategy is the
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number of bees it allocates to each site, or for hive i, the strategy is

o= [ah,a, . aly]

where Zjvzl x5 = By, for each i = 1,2,...,n. Notice that 2’ is an element of the

simplex

N
Ax:{x:[xl,...,xN]:ij:Bf, ijO,jzl,Q,...,N}

j=1
The strategy = [z}, 22,...,2"]" is a Nash equilibrium if the following is valid for
all y' £ 2t i=1,2,...,n,
fWle™) < f(a'a™) (4.7)
where 2% denotes the vector of all other strategies except strategy z*, and f(-,-) is
the fitness payoff. Equation (4.7) means that the hive must allocate the bees using
the optimum strategy x so that its gain is maximum in terms of fitness payoff. Notice

that if the inequality in Equation (4.7) is strict, we have what is called a strict Nash

equilibrium.
Evolutionarily Stable Strategies (ESS) for a Finite Population of Hives

The original formulation of an evolutionarily stable strategy (ESS) introduced
in [10, 11] assumes that the population size (number of hives) is infinite and hence
does not apply here. There have been a number of studies that treat the ESS concept
for a large and finite population sizes (e.g., [74, 75, 76]). However, the seminal work is
contained in [68, 67] where the authors state the equilibrium and stability conditions
similar to the ones defined in [14]. The n-hive game that we set up in this case can be
seen as a game “against the field” [11] i.e., the population size is equal to the contest

size. We can define the ESS for finite populations as follows.
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Definition 4.3.1 Let y be a mutant strategy, and P,, a population set made up of
n — 2 x-strategists and only one y-strategist. Let f(y, P,) be the fitness of a single
y-strategist in a population set P, of n—1 x-strategists. The mized incumbent strategy

r=[zY 2% ... ,x"]T is one-stable ESS if the following condition holds:
[y, Po) < f(@, Pay) (4.8)

for all y # x.

This is what is known as the equilibrium condition for the game against the field for
a finite population size [67]. It is clear that this condition only tests if the population
of hives cannot be invaded by only one mutant. If we have more than one mutant,
we have to check another condition. This condition is usually known as the stability
condition, and it says that a strategy is Y -stable if the incumbent strategy cannot be
invaded by a total of up to Y identical mutant strategists [67]. It is said that the ESS
is globally stable whenever Y = n —1. Here, we assume that there is only one mutant

since mutants are rare; hence, we do not need to check the stability condition.

Hive/Bee Fitness Definitions

Before we show that the IFD is a strict Nash equilibrium, we need to define the
payoff of hive 7. First, let us define the contribution to the fitness of hive i at site j

as
Lj ]

= a; =a;— (4.9)

Ty gk Tk + D heihi L5

Equation (4.9) can be divided in two parts. First, we have the proportion of bees

)

f1(9)

allocated by the i*" hive to site j, with respect to the total number of bees allocated

to that site by all hives. Then, there is the a; term that can be seen as a constant
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that is proportional to the profitability of the site. If a; is in nutrients per second,
then this quantity is the amount of nutrients per second hive ¢ gets for investing x;
bees at site 7, while the other n — 1 hives invest ZZ:M# x;“ bees at the same site.
Hence, the fitness (payoff) of hive i, i = 1,2,...,n, is
N
aj

fiZZfi(j):Z$§m (4.10)

Jj=1

The IFD is achieved when the fitness of hives ¢ and ¢’ are equal, for all i # 4’, as in
N N
F=X =) ="r (4.11)
j=1 j=1
Using Equation (4.10), Equation (4.11) can be satisfied if the hive allocate bees equally
in every site so that
7l =" (4.12)
for all 3,7/ = 1,2,...,n. If each hive chooses the IFD, then for each i = 1,2,...,n,

for j=1,2,..., N,
:L'; a; (
~ = 4.13)
ZkN:1 Ty, Zszl Ak

Notice that since Z]kvz1 zi = By for all i = 1,2,...,n, Equation (4.12) holds. Equa-

tion (4.13) is a generalization of the input matching rule [4, 9] to the n-hive game. In
Chapter 2 the authors have shown the equivalence between the input and the habitat
matching rule for a general case of suitability functions. We can use the same ideas

as in Chapter 2 to prove that Equation (4.13) can also be written as
Tha; = xé-ak

forall k,7=1,2,...,N,andi=1,2,...,n.
Equation (4.9) defines the fitness for multiple hives. However, when there is only

a single hive, the definition for the payoff changes. For that, we can assume that each
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bee is identical and represented by a small €, > 0 so that there is an arbitrarily large

(integer) number n > 0 of bees in the hive, where
ne, = By

Given the concept of an individual bee €, > 0 at site j, 7 = 1,2,..., N, we define

aj

this bee’s fitness as f(j) = ~X. If a; is nutrients per second, f(j) is the number of
J

nutrients per second that a bee gets at site j. Notice that

fG) =Y = =Y (4.14)

n; €y T
These ideas will be helpful in Section 4.3.3.
4.3.2 The Multiple Hive IFD is a Strict Nash Equilibrium
and ESS
In the next theorem? we show that the IFD in Equation (4.13) is a strict Nash
Equilibrium. This implies by Equation (4.8) that the IFD is a one-stable ESS, because

the IFD is the best strategy whenever one mutant hive plays against n— 1 incumbents

in an n-hive game.

Theorem 4.3.1 For the n-hive game if the :cé, 17=12....N,i=1,2,...,n, are
all given by the IFD in Equation (4.13), then hives are using a strict Nash equilibrium
strategy to allocate the bees. Hence, the IFD in Equation (4.13) is a finite population

one-stable ESS.

This result shows that if the IFD is used by all hives, no hive can unilaterally deviate
and improve its fitness. While the IFD is often discussed as if it were with respect

2Proofs of all theorems are in the Appendix.
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to a number of animals (e.g., bees) being allocated (e.g., see [2]), this seems to be
the first proof that in an n-hive game the IFD is a strict Nash equilibrium (hence, a
one-stable ESS). It is interesting to note that if we think of achievement of Equation
(4.13) by each hive as “individual-level” IFD achievement, then forall j =1,2,... N,

andi1=1,2,...,n,

N N

i _ i

T E ay = a; E Ty,
k=1

k=1

) (£) (554

or forall j =1,2,... N,

and if we sum over i,

Z?:l I; a;

N ;N
22;1 D1 Th ket Gk

Equation (4.15) can be interpreted as a “hive population-level” or “environment-wide”

(4.15)

IFD. Clearly, however, Equation (4.13) is only one way to achieve this population-
level IFD (as the next example will show). Finally, note that there may be strategies,
not all the same and different from the IFD in Equation (4.13), but that the hives
could use and (i) still get the same fitness as each other and as the fitness achieved
at the IFD in Equation (4.13), and (ii) achieve the population-level IFD in Equation
(4.15). For example, if N =n =2, By =1, a1 = ay = 1, 2} = 23 =
xy = a7 =2, f' = f2 =1 and this is the same fitness that results if the z! = 3
j=1,2,i=1,2, IFD strategy from Equation (4.13) is used. Also, Equation (4.15)

holds for the alternative strategy choice.
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4.3.3 Optimality of the Single and Multiple Hive IFD

The results in Section 4.3.2 show that the IFD is a local optimum point in a
game-theoretic sense. Here, we show that the [FD is a global optimum point for both

a single hive and multiple hives.

Single-Hive Allocation

First, we take the perspective that a single hive wants to allocate some number
of bees By to N choices (sites) in order to optimize its payoff (fitness). We drop the

superscript and use x;. The percentage of the total number of bees to site j is ;—Jf,

j=1,2,...,N. Using Equation (4.14), the total payoff can be written as,

_ ST EAYE _ ij:l aj

=3 (5) (2) =75 (416
Due to the cancellation of the z; in Equation (4.16), J is a constant. Hence, any
allocation involving all z; nonzero gives the same total return to the hive. This is
a consequence of the “continuous input” assumption for the IFD formulation that
says that all nutrients arrive at a constant rate and are immediately consumed [1].
Equation (4.16) also shows that a hive cannot use the strategy of maximizing J in
order to determine how to allocate the number of bees. Does there exist a payoff
function that the hive can try to optimize that does guide it to maximize its payoft?

Next, we show two approaches to answer this question.
First, assume that a; > 0, x; > 0, and note that i—; is the return per investment of

xj. Suppose that the hive wants to maximize its return from each investment, under

the constraint that Z;VZI xj = By and ; > 0. One approach is to try to maximize the
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minimum fitness as defined by Equation (4.14), i.e., solve the optimization problem

max min {%’%”%}
subject to Zjvzl x; = By (4.17)
z;>0,5=12,...,N
The terms Em% are the fitnesses for any bee that chooses site j, j = 1,2,..., N.

j
Consider a single individual €, > 0. If this bee is at site j and exZ—; < 627;_2’ Jj # k,
then it can move to site k (i.e., change strategies). The “max min” represents that
multiple bees simultaneously shift strategies to improve their fitness since at least
some bees with lowest fitness shift sites (and if exZ—j = exZ—z for some j and k the
min can be achieved at multiple sites). It has been shown in Chapter 2 that the
hive should invest its effort according to an IFD as it is the global maximum for that
optimization problem and hence will maximize the hive’s payoff.

Second, viewing the hive’s effort allocation strategy as being adaptive (i.e., shaped
by natural selection) it makes sense that it would be appropriately modeled as the
optimization of some payoff (fitness) [29]. However, could other payoff functions be
used besides the one in Equation (4.17)? Generally, the answer to this question should
be yes. Equation (4.17) relates decision variables x; to payoff J and other equally valid
relationships between these two could lead to optimal effort distributions, possibly
even the IFD. To illustrate this point in a concrete way we introduce another candidate
payoff function J.

To develop this J suppose that a; > 0 and z; > 0 for j = 1,2,..., N, and note
that Z—j is the amount of bees allocated to site j per the return from site j. For
instance, if a; is in units of nutrients per second, and a hive allocated z; in units of
“bees per second” it takes of the nutrients, then z—] is in units of bees per nutrients.

J

A hive wants to invest as few as possible bees, yet get as much return as possible.
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Hence, it wants to allocate bees so that it gets as many nutrients per bee as possible.

If ;—; is the percentage of the total number of bees allocated to site j, and if the hive

tries to minimize

8

2
J

=3 () (2)- 522

J j=1

(4.18)

then it will maximize its return on investment by minimizing its losses. Or, from

another perspective, it minimizes the average number of bees per nutrient across all

sites. The next result shows that if a hive seeks to minimize J in Equation (4.18),

then it will achieve an IFD.

Theorem 4.3.2 The point
B
v = —21

J T N
D k1 Ok

1s the global minimizer for the constrained optimization problem defined as

2
nimi — 1NNV 5
minimize J = By 2j=1 o

subject to Zjvzl x; = By
2, >0,j=1,2...,N

Multiple Hive Allocations

Theorem 4.3.2 shows that the IFD is achieved for a single-hive allocation. Now,

we want to prove that the IFD is also reached for the case when we have multiple

hives that want to allocate bees across different sites. From the proof of Theorem

4.3.1 it should be clear that there are an infinite number of points xj-, j=1,2,...,N,

1=1,2,...,n, that result in

Z?:l x; a;

N A —
Zkzl Z?:l Ty, Zk:l ak
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which is the achievement of an IFD by the aggregate of the number of bees’ allocation.
In the next theorem, we show that the optimum payoff value is given by what we call

the population-level IFD in Equation (4.19).

Theorem 4.3.3 If the population IFD is achieved by the distribution of the bees that
achieve Equation (4.19) then, if one of the n hives deviates and the others stay the

same, the one that deviates cannot improve its payoff.

The optimization problem can be interpreted as one hive allocating some number
of bees at the site where n — 1 hives have allocated the bees in such a way that they
are at the IFD. For each hive, the total number of bees across the N sites is equal to
Z;.Vzl x; = By, for all t = 1,2,...,n. Since the n — 1 are at the IFD, it is clear that
if we add an n'* hive, it can allocate all its bees across the N sites using a strategy
that leads to the population-level IFD. In other words, this last hive that disrupts
everybody else’s return gets the same payoff that all the other hives get if it plays a

strategy such that the population-level IFD is achieved.
4.3.4 Discussion

The previous analysis is based on the hypothesis that we have full static infor-
mation. This means that we did not analyze the cases where there is noise, lack of
information when strategies are chosen, or when the fitness functions in (4.9) or (4.14)
have dynamics. Analysis for these cases remains a (challenging) research direction.
In the next section, we motivate the importance of addressing these theoretical ques-
tions by showing that multiple poorly informed socially foraging honey bee hives can

achieve an IFD in an application where there is significant noise.
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4.4 Engineering Application: Dynamic Resource Allocation
for Multizone Temperature Control

In this section we introduce an engineering application that illustrates the ba-
sic features of the dynamical operation of the honey bee social foraging algorithm.
First, we describe the hardware used and some implementation issues. Next, we pro-
vide data from three experiments that demonstrate the achievement of the ideal free
distribution and the effects of cross-inhibition and imperfect information flow.
4.4.1 Experiment and Honey Bee Social Foraging Algorithm

Design

We implemented the multizone temperature control grid shown in Figure 4.2. A
zone contains a lamp and a National Semiconductors LM35CAZ temperature sensor.
The temperature is acquired using 4 analog inputs with 16 bits resolution each on a
dSPACE DS1104 card. Although we cannot guarantee that the four sensors have the
same characteristics, they have £0.2°C typical accuracy, and £0.5°C guaranteed. The
lamps are turned on or off by the controller using four analog outputs of the DS1104
card and a DS2003 Darlington device that drives the amount of current necessary to
turn on a lamp. The lamps change their intensities drastically when we apply more
than 1.6 Volts. We added by software a DC value of 1.25 Volts, which implies that
there is a range where the lamps are off even if we allocate a small amount of energy
in a zone.

We assume that there is a fixed total amount of voltage Vi, (the resource) that

can be split up and applied to the zones. The goal is to allocate this fixed amount of
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Figure 4.2: Layout for the multizone temperature control grid experiment.

voltage in a way that (i) makes the temperatures in all zones the same, and (ii) max-
imally elevates the temperature across the grid. In other words, we want a maximum
uniform temperature. Achievement of this goal is complicated by interzone effects
(e.g., lamps affecting the temperature in neighboring zones), ambient temperature
and wind current challenges (from overhead vents), zone component differences, and
sensor noise. These effects demand that voltage be dynamically allocated. For exam-
ple, if there is an ambient temperature increase in zone 4 in Figure 4.2 the voltage
applied to the lamp in zone 4 should decrease and that voltage should be allocated
across the other three zones.

Given the hardware description and the model, we choose a honey bee social

foraging algorithm as follows:

1. We assume that there are a fixed number of bees involved in the foraging process,
B. Each bee corresponds to a quanta of energy, which in this case corresponds
to a certain amount of volts, of the V,,; available volts, that will be specified

below.

2. We assume that the foraging landscape is composed of four forage sites, which

correspond to the zones j, j = 1,2, 3, 4.
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3. Let T, be a temperature value that cannot be achieved in the experiment (here

we use 1, = 29°C). Let T; be the temperature in zone j, and let
ej = Ta—1T;

be the temperature error for zone j. We assume that the “best” (most prof-
itable) forage site corresponds to the zone that has the highest error. Bees
(quanta of voltage) that are allocated to better sites will raise the tempera-
ture there. Repetitive allocation will result in persistently raising the minimum

temperature.

4. We assume that the profitability assessment of each site £V (k) is proportional

to e; and given by

1 if e;(k) >1
Fi(k) =< ~ei(k) if €, < yej(k) <1 (4.20)
0 otherwise

We let v = % since given Ty the temperature error e; < 8°C so ye; < 1 with
v = £. Then we know that FJ(k) € [0,1]. We let €, = 0.1 since this means that

sensor inaccuracies are not interpreted as profitability differences and, so that

with T; = 29°C any temperature error is profitable for allocation.

5. The waiting time defined in Equation (4.1) has two tunable parameters, ¢ and
Wy. In this case, we have tuned these values and we chose ¢y = 0.25 and

Wy, = 20.

6. We also chose a« =1, ¢ = 1, p, = 0.35, ¢ = 1000, 6 = 0.02, and § = 100 to
ensure that bees are persistently recruited to achieve the bee (voltage) allocation

and persistently explore sites for more temperature error. The particular values
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chosen were explained in Section 4.2, and these values did not need to be retuned

for the application.

The experimental results shown below were obtained on different days with different

ambient room temperatures.
4.4.2 Experiment 1: One Hive IFD Achievement

In this experiment we seek the maximum uniform temperature when we have
Viet = 2.5 Volts of resource available. We assume that there is one hive that has 200
bees, which are equivalent to V;,;. In other words, we assume that each bee is equiv-
alent to 0.0125 Volts. Figure 4.3 shows the experimental results for the temperatures
(top plots), and the numbers of bees allocated in each zone (bottom plots), when the
room temperature is T, = 22°C.

Figure 4.4 illustrates how the bees are allocated to various roles. The top plot
shows how the number of employed foragers By increases drastically at the beginning,
but then it drops until it arrives to a steady-state. The bottom plot shows the number
of explorers B., and we can see how it stays high to ensure persistent search for
temperature error. From the data obtained, it can also be seen that many bees get
recruited. This implies that these bees find a site and they do not abandon it, which
provides good temperature regulation.

Figure 4.7, which will be used to compare the results of all the experiments, shows
the average temperature (top plot) and the average number of bees (bottom plot) for
the last 100 seconds. The data for experiment 1 show how an ideal free distribution
is achieved. As we can see, the final temperature reached by all zones is around 27°C.

In terms of the average number of bees for the last 100 seconds, we can see that the
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voltage allocated is around 1.7 Volts (DC offset included), which is equivalent to 35
bees per zone. However, due to the differences between sensors and lamps, more bees
are allocated in the fourth zone (i.e., zone 4 is more difficult to heat). This result is

consistent with the experimental results shown below.
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Figure 4.3: Temperature and number of bees per zone when there is one hive and no
disturbances. The top plots show the temperature in each zone, and the average of
the last 100 seconds (solid constant line). The stems in the bottom plots represent
the number of bees that were allocated to each zone.

4.4.3 Experiment 2: One Hive with Disturbances, IFD, Cross-
Inhibition, and Site Truncation

The second experiment is similar to the first one, but we add two disturbances
to the system. These disturbances are created by two extra lamps, one placed next

to zone 1 and another placed next to zone 4. We start the experiment at a room
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Figure 4.4: Number of employed foragers B; and the average of the last 100 seconds
(top plot). The bottom plot shows the number of explorers B, and the average of the
last 100 seconds.

temperature of T, = 20.6°C. Figure 4.5 shows the results. The numbers in the top

left and top right plots represent the disturbance types applied to the system:

1. We turn on the disturbance lamp next to zone 4 at ¢t = 850 sec, and we turn it

off at 1170 sec.

2. We turn on the disturbance lamp next to zone 1 at ¢t = 2160 sec, and we turn

it off at 2500 sec.

3. We turn on the disturbance lamps next to zones 1 and 4 at ¢ = 3200 sec, and

we turn them off at 5400 sec.

When we apply disturbance 1, the temperature in zone 4 starts to increase, and the

number of bees allocated in that zone decreases drastically. At the same time, the
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number of bees in the other three zones increases. This is because site number 4 is
the least profitable of all sites, and hence the hive reallocates the bees to the other 3
zones; this is why the temperatures in zones 1, 2, and 3 increase until the disturbance
is turned off. At that moment, the temperature in zone 4 drops drastically, and the
hive realizes that it must allocate more bees to that site. It does that until all four
zones are practically at the same temperature. During the 5 minutes of disturbance,
the temperatures in zones 2 and 3 remain close to 25.5°C, while the temperature
in zone 1 is around 25.4°C. Therefore, zone 1 becomes the most profitable one, and
hence more bees are allocated to that site (around 76 bees were allocated on average
to zone 1, while 37, 41, and 10 bees were allocated on average to zones 2, 3, and 4,
respectively). The same basic behavior occurs when disturbance 2 is applied to the
system. In this case, the temperature at the first site increases to 27°C, while the
other temperatures were close to 25.6°C. As in the previous case, the temperature in
zone 4 was close to 25.5°C, which implied that more bees were allocated to this site
(5, 33, 33, and 93 bees were allocated on average to zones 1 through 4 respectively).
We highlight the fact that zone 4 has more bees than the middle zones. As we
mentioned in Section 4.4.2 this is due to the differences between sensors and lamps.
After disturbance 2 is turned off and the temperatures in all zones was practically
the same (i.e., around 25.4°C), we apply disturbance 3 and for it the temperatures
equilibrate but with a bee allocation where there are far fewer bees in zones 1 and 4
and more in zones 2 and 3. To see why this is the case, see the experiment 2 data
in Figure 4.7. As we can see in the bottom plot, the average number of bees for the
last 100 seconds is practically the same for the middle zones (34.8 bees), and there
are practically the same number of bees allocated to zones 1 and 4 where there is
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a disturbance (10 bees). This leads to a final temperature that is practically the
same for zones 1 and 4 (i.e., around 28.6°C) and for the middle zones (i.e., around
28°C). However, as we mentioned before, the fact that there are 10 bees in a zone
does not necessarily imply that the lamp is on. In this case, 10 bees corresponds to
0.125 Volts, which implies that the lamp is off (recall that the DC value was 1.25
Volts). Therefore, the bees allocated to zones 1 and 4 do not have any influence on
the temperature. Only the disturbances affect these temperatures. Hence the residual
number of 10 or so bees simply represents that the hive is continually sampling these

sites in case they become profitable.
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Figure 4.5: Temperature and number of bees per zone for the second experiment. In
the top plot the solid constant line represents the average of the last 100 seconds in
each zone. The numbers 1, 2, and 3 correspond to the disturbances. The stems in
the bottom plot represent the number of bees that were allocated to each zone.
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4.4.4 Experiment 3: Two Hives and Imperfect Information

In this final experiment, we change the conditions and instead of using only one
hive, we assume that we have two hives each with limited information. The first hive
is assumed to only have access to the temperatures in zones 1, 2, and 3, while the
second hive has access to the temperatures of zones 2, 3 and 4. This may happen in
nature if a hive has not discovered a site. In temperature control applications such
sensing restrictions commonly arise due to sensor or other hardware costs.

Each hive is composed of 200 bees, which implies that the 5 Volts that we allocate
corresponds to 400 bees (i.e., each bee corresponds again to 0.0125 Volts). Figure 4.6
shows the results for this case when the initial temperature in the room T, = 19.6°C.
The final temperature is practically the same, around 25.4°C. The main difference in
this case is that the number of bees in zones 2 and 3 depend on both hives (see the
bottom plot of Figure 4.6). Hive 1 allocates on average around 50 bees to zones 2
and 3, while the second hive allocates on average around 20 bees to zones 2 and 3.
However, as we can see in the experiment 3 data in the bottom plot of Figure 4.7,
the same total amount of bees are allocated by the two hives except for zone 4. It is
important to notice that the difference between the initial temperature and the final
temperature in the first experiment is around 5°C, while in this case is around 6°C.
Therefore, as we expect, the maximum temperature reached by the grid is higher
than the first one if we compare the temperatures relative to room temperature. This
is mainly due to the fact that at the end we are allocating more bees per zone, i.e.,
more voltage V;,; = 5V rather than in experiments 1 and 2 where we had V;,;, = 2.5V

Finally, another important issue that arises in this case is the number of bees that
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are allocated to zone 4. Besides the fact that there is a difference between sensors
and lamps in zone 4 with respect to the other zones (as it was seen in the previous
experiments), there is imperfect information. As we can see, hive 1 allocates more
bees to zones 2 and 3 compared to the number allocated by hive 2. This implies
that the temperature errors in these zones decrease, while the temperature in zone 4
seems to be lower than the middle zones due to sensor differences. Then, the second
hive allocates more bees to the most profitable site (zone 4), and less to zones 2 and
3 (these zones receive more bees from hive 1, and its total value is similar to the
number of bees allocated in zone 1). The bottom plot in Figure 4.6 illustrates this

point.
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Figure 4.6: Temperature and number of bees per zone for the last experiment. In the
top plot the solid constant line represents the average of the last 100 seconds in each
zone. In the bottom plot, “0” corresponds to the bees that were allocated by the first
hive, while “x” corresponds to the bees that were allocated by the second hive.
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Figure 4.7: The top plot shows the final temperature, while the bottom plot shows
the final value for the number of bees in each zone for each experiment. This final
value corresponds to the average for the last 100 seconds of data. In each experiment,
zone 1 corresponds to the left bar, and zone 4 to the right bar for each of the 3 groups
of four bars.

4.4.5 Discussion

Some of the main concepts described in social foraging modeling section (Sec-
tion 4.2) can be seen in these experiments. In Section 4.4.2 we have seen how an IFD
is reached by all zones, and good regulation is obtained even though the search space
is limited (Section 4.4.4). As shown in Section 4.4.3, an IFD is also reached when
disturbances are applied to the system. The IFD obtained is in terms of the number
of bees allocated to each of the zones, depending on whether the disturbance is on
or not. In other words, the middle zones that are not significantly affected by any
type of disturbance increase their temperature to their maximum possible value. This

maximum depends on the amount of energy available. This energy is practically the
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same in each zone, which leads to uniformity in these zones. The other two zones have
a disturbance associated with each of them, which implies that the number of bees
allocated to each of these zones must be lower than for the middle ones. As we expect,
the final temperature in this case is higher than in the first experiment because of
the disturbances, and the numbers of bees allocated to the middle zones are higher
than in the previous case (see Figure 4.7). If we had reduced the magnitude of the
disturbances in zones 1 and 4 then we would have gotten results analogous to those
for disturbances 1 and 2. We chose the particular disturbance magnitudes in order
to illustrate the elimination of zones 1 and 4 as possible sites (site “truncation” [1])
and how the hive can then focus most of its attention on only the best sites.
Another important idea that is illustrated in these experiments is the cross-
inhibition concept [56], and this can be seen in Figure 4.5. First, all zones were
under the same conditions, and practically the same number of bees visited sites 1,
2, and 3 (45, 31, 34 visited on average zones 1 through 3, respectively, while 60 bees
where allocated to zone 4 due to sensor differences). When disturbance 1 is applied,
more bees start visiting sites 1, 2, and 3, while the number of bees in zone 4 reduces
drastically. The same thing happens when disturbances 2 and 3 are applied. It is clear
that in any of these cases one or two zones becomes less profitable (the temperature
increases due to the disturbance, and hence the error decreases), which implies that
the hive has to reduce the number of bees recruited to these poorer sites. This is given
in the algorithm by a reduction of the number of dances for those zones where the
error is smaller, which leads to a reduction in the number of bees that are recruited

to these sites.
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Experiment 3 shows how another IFD is achieved over all zones, even though
there is not perfect information (see Figure 4.7). As we can see in Figure 4.6, the
final temperature in all zones is practically the same (taking into account the sensor
differences accuracy). However, as we mentioned before, hive 2 must use more of its
bees to raise the temperature in zone 4, and that is why the number of bees allocated
by this hive to zones 2 and 3 is small. This problem can be seen also as having a zone
with a disturbance. In this case, zone 4 needs more energy, which implies that more
bees are allocated by the second hive to it. Thus, the middle zones are not visited
as much by the bees since they are less profitable. They are also not as profitable as
zone 1, and that is why a smaller amount of bees are allocated to zones 2 and 3 by
hive 1 (compared to those that are allocated in zone 1 as it can be seen in the bottom
plot in Figure 4.6). However, the total number of bees (those allocated by hives 1
and 2) leads to practically the same numbers of bees in zones 2 and 3, and the grid
reaches a maximum uniform temperature.

In all these cases, the temperature grid reached an equilibrium. If we compare the
experimental results with the theoretical results (Section 4.3), we can see that the
equilibrium point for the first experiment is similar to what is shown in Theorem 4.3.2.
In this case, the a; can be seen as the temperature error, because it is clear that the
hive will allocate more bees where the error is higher. For the last experiment a
population level type IFD as in (4.19) is achieved, again with a; proportional to the
temperature error. We have proven in Theorem 4.3.3 that the IFD was the optimum
point, and the experiments illustrate that this equilibrium was reached for n = 2

hives.
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4.5 Conclusions

We have developed an engineering application that highlights the main features
of a honey bee social foraging algorithm. The application that we have used is a
multizone temperature control grid, where the control objective is to seek the maxi-
mum uniform temperature. Three experiments illustrate dynamic re-allocation, cross-
inhibition, and the ideal free distribution (IFD).

One of the most important concepts in this chapter is the IFD concept from
theoretical ecology. We have shown that the IFD is a strict Nash equilibrium for
an n-hive game and a one-stable ESS. In other words, in an n-hive game the IFD
is reached whenever n — 1 hives are using it as a strategy and only one hive is not
using it. This hive has to choose the IFD strategy to obtain as much as the other
hives. Since this is only a local concept, we extend our results to show that the IFD
is a global optimum point for both a single hive and multiple hives. In this case we
have limited our analysis to an optimality perspective. It is our intent to develop in
the future a dynamical model of IFD achievement (e.g., adaptive dynamics such as a
replicator dynamics model [14]).

Finally, it is clear that in the implementation we have limited our system and
drawn some analogies that might not seem real from a biological perspective. For in-
stance, consider the information structure of the algorithm (i.e., what characteristics
are present to provide information to the algorithm and between components of the
algorithm). In a honey bee hive, the forage allocation process does not need a cen-
tralized entity that makes the decisions and allocates bees to each site, i.e., the hive

is a decentralized system [56]. However, if we analyze the honey bee social foraging
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algorithm, and more precisely Equations (4.1), (4.5) and (4.6), it is clear that the
algorithm is not totally “individual-based” (e.g., Equation (4.5) has to know a noisy
version of the total number of waggle runs in order to decide how many observer
bees will become an explorer). It is our intent to consider in the future a more fully

distributed version that faithfully respects what is known by individuals.
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CHAPTER 5

CONCLUSION AND FUTURE DIRECTIONS

5.1 Summary of Contributions

The dissertation starts by analyzing the ideal free distribution (IFD) for a general
class of suitability functions. It has been proven that the habitat and input matching
rules are equivalent for this general case, and also that the IFD is indeed an evo-
lutionarily stable strategy (ESS). In order to provide global results, a constrained
optimization is defined and it is proven that the IFD is a global optimum point.
Then, from an evolutionary time perspective, a replicator dynamics model is defined
in order to show that the IFD is an asymptotically stable equilibrium point. An
interesting characteristic for this case is that under some constraints, a gradient opti-
mization perspective leads to the same replicator dynamics. In order to provide more
insight on why these allocation dynamics are useful from an engineering perspective,
a multizone temperature control problem is used to show how in spite of limiting the
input voltage, a uniform temperature in each of four temperature zones is achieved.

In Chapter 3 another type of multizone temperature control is used to show the
utility of foraging theory. A controller is thought of as an agent searching for error

across the grid, and it uses the prey model algorithm to decide which types of error
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to actuate with a lamp to achieve a uniform desired temperature across the grid.
The algorithm causes the controller to ignore certain types of error when the missed
opportunity of more profitable types is too great to forgo. Results show that the
controller does very well in tracking desired temperatures, even in the presence of
disturbances and sensing limitations. The results also illustrate a connection between
the prey model and the ideal free distribution. The desired temperature is reached
in all three experiments by the foragers allocating themselves in the zones where the
error is higher.

Finally, in Chapter 4 an engineering application is developed in order to highlight
the main features of a honey bee social foraging algorithm. The application that is
used is a multizone temperature control grid, where the control objective is to seek the
maximum uniform temperature. The experiments illustrate dynamic re-allocation,
cross-inhibition, and the ideal free distribution (IFD). In contrast to Chapter 2, it
has been shown that in an n-hive game the IFD is reached whenever n — 1 hives are
using it as a strategy and only one hive is not using it. Therefore, it has been proven
that the IFD is a strict Nash equilibrium but for an n-hive game and a one-stable
ESS. This hive has to choose the IFD strategy to obtain as much as the other hives.
The local concept is extended to show from an optimality perspective that the IFD

is a global optimum point for both a single hive and multiple hives.

5.2 Future Directions

The most important future directions that arise in this work can be summarized

as follows:
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1. Evaluate the relative advantages and disadvantages of other control-theoretic
approaches for solving dynamic resource allocation problems such as the multi-

zone temperature control problem studied here.

2. Use other foraging theory concepts such as the patch model to determine how
long to process certain error types and risk-sensitive foraging theory to decide
which types to process when time is limited. Moreover, there is a need to
mathematically analyze the stability of the controller; however, this is quite
challenging due to the need to consider sensor noise, disturbances, lack of perfect
information (i.e., decentralized control), asynchronous operation, and the fact
that the control input is of the on-off type that is constrained so that only a

limited number of zones can be heated at one time.

3. Consider a more fully distributed version of the honey bee social foraging algo-

rithm that faithfully respects what is known by individuals.

4. Develop a dynamical model of IFD achievement (e.g., adaptive dynamics such

as a replicator dynamics model [14]).
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APPENDIX A

APPENDIX: PROOF OF THEOREMS

A.1 Proof of Theorem 2.2.1

For (2.4) = (2.6) note that (c;x; + bi)zé\le ai = a Zjvzl (c;xj + b;), which
" N m
clearly is (2.6). For (2.6) = (2.4), foralli=1,...,N, —=—— = Ziz14

(cimit) — T (ezitb;) ¢,

where C' is a constant, so for all 4, 7, (2.4) holds.

A.2 Proof of Theorem 2.2.2

1
From (2.4), aéi <:Uj + i—j) = aCJ—J <$j + %)7 o

a{”i(ﬁ+ﬁ):(ﬁ+@) N af A
G = / Cj o) 4 j '
Jj=1 =
with ZN T

. :
j=12; = P, we obtain

(2.11). The constraint on P in (2.12) is obtained by

using 7 > 0. In the case when P > 0, without (2.12) necessarily holding, the analysis

changes. Since we need to satisfy the constraint that x; > 0, and using the fact that
1

m
a;

>0, for some i =1,..., N, for z; > 0,
1
1 N aj"
ai’" Zj:l ci
t + Zj:l cj
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1

Since % > ... >

1

, if we let k* be the largest index k for which ’“k > o, k*

§|23\~

is given by (2.14). Then, if i € {k* + 1,k* 4+ 2,..., N}, (A.2) is not satisfied, and
1 1

1

o" py ot N b b 4"
. . . . - — =10 o 2uj=1 o,
since ¢; > 0, this equation can be written as — o S5 % < 0. The

™
N %
j=1 cj

left-hand-side of this inequality is the same z} in (2.11). However, we have assumed

that 27 > 0,s0 7 =0 for i € {k*+1,...,N}. Hence, we will have N — k* truncated
habitats, which implies that SV o1 Ty = Zfl x; = P. Therefore, instead of taking

the sum over all habitats in (A.1), we need to consider only those habitats that are
1

al™ k* * b\
S () =

<a:§ + %) Zf 1 acj Using the fact that Z] 7 = P, and the same ideas as before,

inhabited, i.e., we need to take the sum over £* habitats.

el

we obtain that the IFD for the suitability function in (2.5) is given by (2.13) and

(2.14).

A.3 Proof of Theorem 2.3.1

Let Z represent a strategy choice by animal €, such that all other animals make
strategy choices such that the IFD defined by (2.6) holds. From the habitat matching
rule we know that for any j such that a; = 0, ; = 0. So Z will only correspond
to strategy (habitat) choices i € H* where a; > 0 and x; > 0. Let P; represent the
population with individuals all playing strategies such that the IFD is achieved. It
is impossible to know which habitat ¢ € H* player €, will choose since the IFD can
be achieved for any strategy choice i € H* provided the other animals adopt the
appropriate strategies. In Theorem 2.2.1 we have shown that the habitat matching

rule is satisfied and it is given by (2.6), which in terms of fitness is equivalent to
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(2.16). Hence, for any i € H*

, , A
F@ P = 1) = ot = s = 1) (A3)

for all 7,5 € H*. Suppose that the animal €, makes a unilateral deviation to strategy

y # T that corresponds to choosing habitat j # i, j € H (the animal could choose
1

j such that a; = 0). Then, f(y, P:) = em and if j € H— H*, a; = 0,

f(y, Pz) = 0. In either case, by monotonicity and from (A.3), f(y, Pz) < f(&, Px).

Hence, the IFD is a strict Nash equilibrium and hence an ESS.

A.4 Proof of Theorem 2.3.2

Note that (2.20) is equivalent to the optimization problem

max z
subject to Zjvzl rj =
T > Oa Z - 17 7N (A4)
1
Esz:bZ Zza Z:]-7 7N

where we have introduced the new variable z € R, z > 0. If we combine the con-
1

straints, we obtain that for eachi =1,..., N, ¢,

> xleC’— > 0, since z > 0. Adding

a

g

Y
all the terms across the NV habitats we obtain that z < exﬁ. Therefore, (A.4)
+255 2
is equivalent to

max z
1
N a]fm
. j=1 c;
subject to 2z < €——%-
Py o
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1

N a™

o2

TN b HGHCG, for
P+Zj:1 g

i=1,..., N, the z} are any values that satisfy the constraints of (A.4) and such that

In this case, the maximum is unique and equal to z* = €

1

P4ty b by e

C; Cq j:1 Cj Cq j:1 Cj
N a
Zj:l cj

We have then two cases. For the “<” option, adding all the terms across the N

3

(A.5)

=3l

habitats, we obtain a contradiction (i.e., the total population size is less than P).
Therefore, the “=" option in (A.5) must hold. Using the same ideas as in the proof
of Theorem 2.2.2, we can show that the IFD for the suitability function in (2.5) is

given by (2.13) and (2.14).

A.5 Proof of Theorem 2.4.1

For (=), since by hypothesis the sum of the p; is equal to 1 for all ¢ > 0, and

pi(0) > 0 for all 7, then p(0) € A. For the N = 2 case,

P = Bre ai'pi(l —p1) _ ag'pi(l —p1)
! (c1Pp1 +by) (caPpa + ba)

P2 = [ (aé}n(l o)1= =p)) alipl(l _pl))

(caPpo + by) (c1Ppy + 1)

Since Z;V:lpj =1, Z;.V:lpj =0, hence, #; = . Next, we assume that § = 3; =

forall 4,5 =1,..., N, and prove that it also holds for N + 1. Note that
1 1

. N al” N N+1  pja]"
0 = Zi:lﬂlpl(ciPpi+bi) Zi:l Bipi Zj:l (c; Pp;+b;)

1 1

aﬁﬂpz\fﬂ N+1 pjajm
0N+ (en+1PpN+1+bN+1) PN+1PN+1 Zj:l (c; Ppj=+bj)

Using ngl p; =1,and B; = Bforalli =1,..., N, by hypothesis, we obtain that § =

Bn+1. For (=), since 3; = (3;, then ZZ]L Di = € (ZZ]\; Bipif(i) — Zz]\il @plf) =0.
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But, if we take the integral with respect to time, for ¢ > 0, fot Zi]ilpi(T)dT =0, or
Zi\il pi(t) — Zf\il pi(0) = 0. But, by hypothesis, the sum of all the initial conditions
has to be equal to 1, then we get that for all ¢ > 0 Zf\il pi(t) = 1. Since by hypothesis

p(0) € A, we can conclude that p € A for all ¢ > 0.

A.6 Proof of Theorem 2.4.3

Using the Lyapunov function

N
V=- Zp: In (p—i) (A.6)
i1 b;
In information theory, this function is called the relative entropy function or Kullback-

Leibler distance [15]. It has the property that 01In ( ) =0In(2) =0,andp}In (%) =

0
pi
+00. It has been proven that V is a valid Lyapunov function candidate (e.g., see [15]).

The derivative of V along the trajectories in (2.23),1s V = — SV, p;f‘]% (pi(f(0) = f)).

Since Z;V:lp;‘- =1

) N B N
V== nif)+fY n=-
i=1 i=1 7

In order to show that V is non-positive, we will prove that the maximum value of V in

N N

P+ @) = 3 FO = pD) (AT

i=1

(A.7) is equal to 0. For that, we let f(i) be as in (2.16) and we solve the optimization

problem
1
max J:V:ZN € z (pi — pF)
=1 Ppri—% ? %
. N
subject to > p; =1
p; >0 foralle=1,...,N
-
Using Lagrange multiplier theory, the Jacobian VJ = g—;{l, g—z‘é, e 8%7\] , where
1

oJ aii (PP§+%> S he i i . . . for i —
i exw ince the inequality constraint p; > 0 is inactive, for ¢ =
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1 2
() ()

. b 2 N a
(Pri+er) T L

+ =0 (A.8)

€z

34

]T is the regular point for the optimization problem, and \* is
1

the Lagrange multiplier. From (A.8), for any i, =1,..., N, ac’—m Zjvzl (Pﬁ; + I;—’) =
T J

where p* = [P}, ..., Dy

m

<P]3§‘ + Z) ZN L After solving the above equation for pf, we obtain a scaled

C; j:1 Cj

version of (2.11), i.e., pf = % = p;. In order to see if it is a global or a local maximum,

2
alm N bj
5) (o)

1
b 3 N a™
(PpiJrf;) Zj:1 Zj

= 0. Hence, V2J is negative definite, which implies that p* is indeed a

zp(
we need to check the Hessian V2.J. We have that % = —¢,

7

< 0,

9%J
Op;Op;

and
global maximum. Therefore, the maximum value of .J is max.J = 0. Since V < 0 for
all p; # p;, and V=0ifp = p; the IFD is (uniformly) asymptotically stable.
Notice that V in (A.7) is negative, except when it is equal to the equilibrium point.
The previous analysis showed that whenever we are inside the simplex (i.e., when
p € A — 0A) the Lyapunov function satisfied all the previous conditions. Therefore,

the region of asymptotic stability is A — 0A.

A.7 Proof of Theorem 2.4.4

We want to minimize .J, subject to h(z) = SN 2, — P, and g;(z) = 25,5 =1,..., N

, and Vh(z) =

P\P P

%
N—

where the g; constraints are inactive. We have % =1 <’”— — %
[1,...,1]". Also, V2J(z) = & Inxn, where Inyy is the identity matrix N x N.

Since P > 0, and satisfies with strict inequality (2.12), V2J(z) is positive definite.

Using the fact that the constraint is inactive, we have for all ¢+ = 1,..., N that
% (% - %) + A" = 0, where \* is the Lagrange multiplier, and Z] is the optimum
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point. Rearranging, we have for any k,w, zj — 2 = z; — x}. In terms of £k only,

we will have N — 1 of these equations. If we add all these equations, we get that
(N —=1)— Z?]:L#k T3 = rp(N —1) - ij:L#k %, which is equal to (2.11). It is
clear that z7 > 0 since P is assumed to satisfy (2.12) with strict inequality. However,
J is defined over A, — 0A,, and its Hessian is positive definite, which implies that
the cost function is convex on A, — 0A,. Therefore, the point in (2.11) is a global

minimum for the cost function J defined in (2.27), subject to Zjvzl r; = P, with

x; >0foralli=1,... N.

A.8 Proof of Theorem 2.4.5

Since (2.29) is equivalent to (2.24) for the case when b; = 0foralli =1,..., N. We

know that the IFD defined by (2.11) is an equilibrium point whenever P > 0 and it is

alm
1

<

unique, and that A, —0A, is invariant in = generated by (2.29). Let ¢; = p;— -
I
%
Since a;, ¢;, and m are positive, we have that é; = p;, = — (5% ZN:1 aJ—) e;. Taking
J Cj
%
the Lyapunov function V; = 3e?, then V; = — (ﬁ;z Zj\’: . acﬂ_]> e2(t), which implies
that the IFD equilibrium is (uniformly) exponentially stable.
A.9 Proof of Theorem 4.3.1
We will show that if 2 = [2%, zi*, ... 2%]", where rh = ;V# for all j =
j=1%j
1,2,...,N,and i = 1,2,...,n, then a single hive mutant 7* # z** will have a lower

fitness for the moment, when 7* € A, — dA, (i.e., strictly inside the simplex). This

is equivalent to show that Equation (4.7) is satisfied for all ¢ = 1,2,...,n. But, it
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can also be seen as a constrained optimization problem of the form

maximize f' = Zjvzl x;ﬁ
=1%
subject to Z?lex;:Bf i=1,2,...,n (A.9)
>0 j=1,2....N '
j;:zgi‘jjam ki, k=1,2,....n

This is a nonlinear optimization problem that we will solve using Lagrange multiplier
theory (e.g., [77]).

First, since x; > 0 the constraint is inactive, so it can be ignored. Second, replace

in Equation (4.10) the constraint x? = —Zﬁf Y for all k # i to get
m=1am
N o
fi - Z ] i ’

j=1 T+ ¢

where
- Bfa- Bfa-
¢ = Z = =M0-1)=x—— (A.10)
k=1k#i Zmzl am Zm:1 am

The problem in Equation (A.9) becomes

maximize f?
subject to Zjvzl th =By, i=1,2,...,n

Now, we define the vector x = [z, 2%, .. ., xﬁV]T which constitutes the points for which

we want to find an extremizer point. Let h(z) = Zjvzl ZL‘; — By. The gradient of f*

with respect to x is equal to

oo Toft ot ot
Vi) = {axg’axg""’axgv}

a1y asPa anNon ]T
(] +¢1)? " (xh +¢2)?" 7 (@l + on)?

Also, 2 =1 for all j = 1,2,..., N. Let \* be the Lagrange multiplier for this con-

Y axz
J

Vi = |

strained optimization problem. Then, we have to solve the following set of equations

106



for x;* >0

a1 ¢ _
e tA =0
andy _
T TA =0
x4y + .2y = By
For any 7,7 = 1,2,..., N we have from the previous equations that
a;g;  a;

G+ o @+ 6
Using Equation (A.10),

2 a2
a3 j

(f’f 2 m=1 @m + Braz(n — 1)) (w] S L + Braj(n — 1))

Since a; > 0 and 2% >0, j=1,2,...,N,i=1,2,...,n,and n > 1,

N N
a; (x%* Z am + Braz(n — 1)> = a; (x%* Z am + Braz(n — 1))

m=1 m=1

Simplifying, we get that for all 4,7 =1,2,..., N,

a;x%* = ajat
After some algebraic manipulations, this implies that for all 7 =1,2,..., N,
. Bra-
o= (A.11)

i N
Zm:l am
In order to see that 22 defined in Equation (A.11) is a local maximum we need to

prove the second order sufficiency condition. For that, we need to analyze the Hessian

of f7 (because the Hessian of h(z) is 0). In this case,

[ 2wl 0 .0
(a:li+¢1)3 .
—2a2¢2
9 ] B O (mé+¢2>3 “ e 0
VA (x) = _ ,
0 0 o _—2anon
i (e +on)” |
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It is clear that the Hessian of f'(z) for «%*, j = 1,2,...,N, 1 = 1,2,...,n, in
Equation (A.11) is negative definite since a; > 0, ; > 0, n > 1 and ¢; > 0,
7 = 1,2,...,N. Therefore we can conclude that the extremizer points defined in
Equation (A.11) are global maximizers (because it is clear that the cost function
is convex on the simplex A;). Hence, 2% defined by Equation (A.11) (which is
equivalent to Equation (4.13)) is a strict Nash equilibrium. Also, since it is a strict

Nash equilibrium, Equation (4.8) holds. Therefore, the IFD is a one-stable ESS for

the finite population in a game against the field.

A.10 Proof of Theorem 4.3.2

As in the case for the proof of Theorem 4.3.1, z; > 0 is an inactive constraint so
it can be ignored. Let h(x) = Zjvzl x; — By. For this case, we will have that the

gradient of h(z) is equal to

and the gradient for J(x) is given by

2r1 219 2x N T

Vi(z) =
(x) Bfal’ Bfa27 ’Bf(lN

Let A\* be the Lagrange multiplier for this constrained optimization problem. Then,

we have to solve the following set of equations for 7 > 0

*
2x]

Byay + A = 0
2z . * o
2 4 ) = 0

ri+ay+...+xy = By
As in the proof of Theorem 4.3.1 this implies that

* *
apT; = a;Ty

108



for all j,k=1,2,..., N, which implies that

¥ = _Bra; (A.12)

j N
Zj:l a;
In order to see that x} defined in Equation (A.12) is a local minimum we need to

prove the second order sufficiency condition. For that, we need to analyze the Hessian

of J (because the Hessian of h(x) is 0). In this case,

2
By 0 .. 0
V2 0 ﬁt.” 0
0 0 ... =2

Bran
Since, By > 0 and a; > 0, j = 1,2,...,N, V2J(z*) is positive definite, which
implies by the second-order sufficient condition that x} in Equation (A.12) is a local
minimizer. However, we know that the cost function J is defined over a simplex A,
which is nonempty, convex, and a closed subset of RY. Using this fact, and since
the Hessian of J(z*) is positive definite, we can conclude that the local minimum in

Equation (A.12) is also global [77].

A.11 Proof of Theorem 4.3.3

From an optimization point of view, the problem that we want to solve is the

same as .
maximize f*
subject to Zjvzle = By i=1,2,...,n
>0 j=1,2,....N (A.13)

i _ nBpa; n k7 :
A S Zk:l,k;éi Ty #1
Let h(z) = >7,_, #; — By, and since 2} > 0 that constraint is inactive, so it can

be ignored. Using Lagrange multipliers, we need to find first the gradient of the cost
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function and the gradient of the constraint. In this case, we have

oft of af%}T

i 9 A
ox'’ 0xl oz’

V= {
where
of _ a; ZZ:l,k;éi x?
8(133 i n k 2
T+ Zk:l,k;ﬁi x;
The gradient of h(z) is Vh(z) = [1,1,...,1]". Therefore, we have to solve the

following set of equations for xé* >0

kx
_“1 ZZ=1,1€¢¢‘E1 LN = 0
(xll*JFZZ:l,k;éixlf*)Q

n kx
anN Zk:l,k;&i TN

; A= 0
RS S i
1% % Tk —
oy 4y = DBy
Then, for any 7,7 =1,2,..., N,
_ n kx* _ n kex
a; Zk:l,k;ﬁi x5 - aj Zk:l,k;&i x5

5 3
ix n kx i% n kx
<$g +Zk:1,k7&i x5 ) (1’3 +Zk:1,k;ﬁz‘ x5 )

Replacing the constraint in Equation (A.13),

2R2,2 21022
o (nPa e\ "B nPa ) B
j=1% (ijl aj> j=1% (ijl aj>

which implies that

ik

i
ax; = GGT;

. B
Pt (A.14)
Zj:l a;

The point in Equation (A.14) is an extremizer for the optimization problem defined in

(A.13). Now, let us prove that (A.14) is indeed a global maximizer for this problem.
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For that, we need to analyze only the Hessian of our cost function because V2h(z) = 0.

That is,

—2a1 Zz:l,k;&i x’f* 0
i n k* 3

(z1+Zk:1,k;ﬁizl )

V2fi(a*) = :
0 —2an ZZ=1,k;éi x?\r*
<$§V+ZZ:1,1¢¢¢ x’f\,*)?’

Clearly, since a; > 0, By > 0, :B;* > 0, ZZ:L,C# 2% >0, and n > 1, the Hessian is
negative definite. Therefore we can conclude that the extremizer points defined in
Equation (A.14) are global maximizers (because it is clear that the cost function is
convex on the simplex A,).

%

J

Replacing the optimum point, we can notice that the constraint becomes x

nBya;
N
> =195

— Y h—i4 5 that is equivalent to Equation (4.19).
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